Particles oscillate around this periodic
orbit, not around the design orbit.

Xz (S)
I=17,+17,
2, (L) + Z,o (L) = Z(L) = M, Z(0) + AZ = M ,[7,,(0) + Z,, (0)] + AZ
=M,Z,(0)+Z,(L)
7 _ 5 The closed orbit does not change the
Zp(L) =M,Z,(0) linear transport matrix.
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M, Z,+D(L)s) (M, 0 D(L)Z
MO = T" 1 Mg |0
) 0" 0 1 |\s¢

The periodic orbit for particles with relative Poincare Section

energy deviation ¢ is

7i(s)
77(0)=M,7i(0)+D(L)  7(L)=M, #(0)+D(L) with 7(L)=7i(0)

U

F(0Y=[1-M -1 [3 L Particles with energy deviation 6 oscillates
7(0) =[1-M, (01" D(L) around this periodic orbit.

Z=17,+01
Z,(L)+67(L) = Z(L) = MZ(0) + D(L)S = M [Z,,(0) + 677(0)] + D(L)&
=M,7,(0)+77(L)
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Poincare Section

0
D(L M (L — g'
- P j ( S)[u]

AK = 0K
1(5) = 2§ (§)y BE) cos( ()~ () —4)8 7i(s)
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Alternating gradients allow
focusing in both transverse
plains. Therefore focusing and
defocusing quadrupoles are
usually alternated and
interleaved with bending
magnets.

12 6

10
B [m]
8 -

0 T T T T T 0
0 1 2 3 4SS 6
" N I EE 2
QF B QD B QF

e

QF "’f
B fé : '

N
MO — MFODO
The periodic beta function and dispersion
for each FODO is also periodic for the
whole ring. Usually only large sections of
the ring consist of FODOs.
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Qfp a2

" EDER™ (KNDER™ ()

M=Q

J(10Y1 Sy o0y1 oY1 4y 1 0)_(1+4s 5 Y 1-4% 4
-8 100 1)\% 1] 1]0 1) -4 1) (-(&)°L 1-4L)-®)*s 1+85
( 1—

_ kI L)2 —_ ki L in AFobo
2Ly La+aL COS Lropo =1-2(5 3 . =>¢=%7, SIn ‘5‘
(kl) L(l-4 0 L) - 2(k| L2 = :‘Q‘VE
a=0

— : 6

sin 2 — |

_ +¢
B =l

a=0
Leopo *6M,  @~225°, pip, ~%
B ~3.8m
P =102 fin 1.8 QF B QD B QF
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The Low Beta Insertion

“ﬂx ﬂ:ﬂg[1+(;g)2]

FODO section FODO section

Low beta insertion B. ,,3;
small M ., =—1
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~y

M ~Q™ ()D($)[p+Q™ (-k)D(4)]

1 0y1 Lhy/1 Y1 0y1 O)y1 + 0
4{ 4 4 +l
4 100 1Mo 1)4 1)% 1)0 1) e
1 0yl 4)/1+4% L(1+4+% 0
Kl 4{ - ( kIL j_i_])(j
2+%L LA+14L 0) [ LA+3%3
~EPL 2-44-y o) (2-4s-@?
= 1 2(kIL2 L(1+kIL L(1_|_1kIL
:[ _M] 1D: (k?%) ( (kl) L(l—ﬂL (kl L)2 }[ _HL_Z ZﬂzL
1+3&(@) (7
24;2 O o 77:

)
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ﬁmax zlozm ! ﬁmin z18m ! 77max ~ 32m ’ 77min zlSm
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e "4;9
A &)
o 6 g]\:

e D/ ) Quadrupole Errors

7'=L(s)Z + Af(Z,5)

7(s) = 2, (5) + [ M (s, §)AF (Z,8) dS ~ Z,, (s) + [ M (5,8)AF (Z,,,§) S
0 0

X'=—(x? +K)X—AK(S)X = (X}( “ j—( 0 O)[Xj
a' —(x“+k)x) (Ak(s) O)a

7(s) = M (s)Z, —jlvl(s s)( AK(S) 8)M(§)2’Od§

s+L

M () AM o (8) = M (5) - [ M (s-+ L,§)£ e ng(é, 5)ds
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s+L

cos(u +Au)=cospu—3 _[ T{M(s +L, §)(Ak0(§) ng(i s)}d§

) s+L R O O R
=COS it —= '! T{Mo (S)(Ak(é) OHds

L
= cos/z—%jAk(§),B(§) dSsin u ~ cos . —Ausin i
0

One quadrupole error: .
~ More focusing always

AV = %Ak increases the tune

Au=4 [ A& s

Georg.Hoffstaetter@Cornell.edu USPAS Advanced Accelerator Physics 12-23 June 2006



S+L

M, (s)+AM,(8) =M (s)— | M(s+L,8)

0
M (S, s)ds
Oj_( )

0
Ak (8)
(B+AB)sin(u+Au) = Bsin u— [ AkBBsIn(u+y —)sin( —y)ds
= fsin yu+ApLsin yu+ Aufcos u

AB =—7k [AKBBL2sin(u +y —7)sin(iy — ) +cos ]dS

s+L L

= s | A cos(2yy — ] - )08 = — . [ Ak cos(2yy — | - )8
S 0

Focusing can increase or

one quadrupoleAeArror: / decrease the beta function
— ﬂ J A max
Aﬂ —  2sinu Akﬁ COS(Z‘W - W‘ - /J) T —'Bﬂ =2 sﬁq‘;l
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Weakly nonlinear systems

Weakly nonlinear ODEs % 7 = f(Z, S)
Have a right hand side that can be

approximated well by a truncated Taylor expansion

f(Z,5)~ L(S)Z—I—ZkaZ 20+ > fzizz +o+ > F254

J.kl k ,orderO

F o[z, Y=Y Y. with Yk =0
n=1

n=1 k ,orderO n=1 k,

By solving the Taylor expanded ODE one tries to find a Taylor expansion of the

transport map: - M (s;s,, 7)) » M(S,80)Zy +...+ Y M Zf +...

k ,orderO
Note:
While this approach is usually chosen, it is not certain that a transport map of the
Taylor expanded ODE is a Taylor expansion of the transport map of the original
ODE. One therefore often speaks of “formally” finding the Taylor expansion of
the transport map.
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Aberrations

M (S;S5,Z5) ® M(S,80)Zp +...+ > M 78 +

k ,order O

The Taylor coefficients are called aberrations of order O and are denoted by

6
(zi,7"...28)=M_,, order O=>k,
n=1

$7=1(z,5) = Z(s)=M(s;%,7,)

M (S;Sg, Zy) # M (S,50)Zg +...+ > M Z;

k ,order O

6
(z,2)"...2¢)=M_,, order O=)Kk,

=1

How can all these Taylor coefficients be computed?
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Iteration for Aberrations

Z2(s) =7, (s)+ j M (s, §)Af (Z(8),8) dS

2,(5)=7,(s) |

7,(s) =7, (s) + j M (s, §)Af (Z,(8),8) d$

7,(5)=2,(5) + [ M5, 9AF (7, ,(9), ) 8

0 — — — — —
Taylor expansions:  Af (Z,S) = Af,(Z,s)+ Af,(Z,5)+... , Af, = fEZk
z,l (S) _ M(S) z.o k ,order O
Z,(3) = M(5)Z, + [ M (s, §) AT, (Z,(5),§) dS
0
Z,(s) = M(5)Z, + | M (s, ){[AF, (Z,(3), )], + A, (Z,(3), §)} o
. 0
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X

2
, &4 2j+6\P3Ax[yj+O(Ax2)

Sextupole fields hardly influence the
particles close to the center, where one
can linearize in x andy.

In linear approximation a by Ax shifted
sextupole has a quadrupole field.

When Ax depends on the energy, one can
build an energy dependent quadrupole.

k, =31, = k, = k,AX
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Chromaticity & = energy dependence of the tune v(d)=v+ g_gé‘ +...

— 0 I — M
=% with v=4

Natural chromaticity &, = energy dependence of the tune due to quadrupoles only
1 A 1 AT A\ A
s LAOUOLE R LAOLOLE

Particles with energy difference oscillate around the periodic dispersion leading
to a quadrupole effect in sextupoles that also shifts the tune:

1 R 1 R
é:x :E§ﬂx(_kl+nxk2)ds é:y :E§ﬂy(kl_nyk2)ds

Typically the the chormaticity & is chosen to be slightly positive, between 0 and 3.
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