X"=-xk s=0 Ql Q2 Q3 Q4
y'= Yk %) DI D2 D3 |_| D4 D5 (x,
(x;] | (x;J
3? ! _ i |
x [mmy} . : trajectory : '=
11 E E S
0 ‘ —
1 \1()/ 4
22 |
31

X(s) =My, ()%, + M, (S)X(l)
X(8) =+/2J5(8) sin(y (s) + &)
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1@} Twiss Parameters

(/4,0

X'"'=—K X
X(s) = /23B(5) sin(y (s) + )
X'(s) = /2By cos(y () + dy) —asin(y(s) + ¢,)] with a=-3
X" (5) = \[2L(By"'—2ay") cos(y (5) + )~ (@'+ %+ By )sin(w (s) + ¢, )]
= JB[KBsin(w(s) +4,)]
py ' 2ay'= py '+ fyv'=(Py')=0 = y'=5
a'+y=kB with =2

p'=-2a
a, B, y,y are called a'=kpg—y What are the
Twiss parameters s initial conditions?
: o |
V= j Asy US
0
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Phase Space Ellipse

Particles with a common J and different ¢ all lie on an ellipse in phase space:

_mﬁ 0

.« 1

X =428 at X'=—a, |2

[sin(w(s) n ¢0)j (Linear transform of a circle)
p

(X, x){ 0 Yii

N cos(y(s) +d,)
1 o 1
JB B | VB

VB

0 X v ) x (Quadratic form)
7)) wnle ol |re =

-

A

Area: 27 J
What B is for x, y is for X’

3 Xmax = v 20y at X =—a, /2

/

N
B | .
B
A= 2
¥

Area: 271 J — ”de¢5 =27 =dedx'
00
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3] E(s)=./eB(s)
x [mm] 2 }—1
I %\

—=5= | X(8) = y/2J5(s) sin(y (s) + ¢, )

In any beam there is a distribution of initial parameters. If the
particles with the largest J are distributed in ¢ over all angles, then
the envelope of the beam is described by\/2J max:B(S)

The initial conditions of B and a are chosen so that this is
approximately the case.
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Phase Space Distribution

Often one can fit a Gauss distribution to the particle distribution:
X2 +2a XX+ B X2

plx.X)=ze %
The equi-density lines are then ellipses. And one
chooses the starting conditions for f and a according

to these ellipses!

[:j:m \/ﬁ 0 (Simﬁo] p(\]’%):Le—%

__a 1 TE
T COS ¢, 2
2710
<1> = 718 J‘e_“‘gd\]d% =1 Initial beam distribution —— initial o, B, v
00
<x2> =L 'IZJ,Bsin gre?didg, =f ——u <x'2> =gy

<XX'> = —ﬁg”ZJasin gre’'?dddg, = ca

2 12 1\ 2
E = \/<X ><X >— <XX> is called the emittance.
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Invariant of Motion

X(8) =~/2J5(s) sin(y(s) + &)

Where J and ¢ are given by the starting conditions x, and x'.
XE 4 20XX+ X2 = 2]

Leads to the invariant of motion:
f(x,X',8)=y(s)X* +2a(s)xx+p(s)x? = Lf=0

It is called the Courant-Snyder invariant.

A x' x' A

16177‘ // e
| -

B large |]
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(,B —aj_(l s}( B, —aoj(l O]_ By —20,,5+7,5°  ¥,S—a
-a ¥y 0 I\-¢«, y, \s 1 7,S—Q, Yo

18

B=Fll+ ()] for a;=0

v
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Twiss Parameters after a thin a Quadrupole

Crl

a=a,+Kkp,

v
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\@@))) From Twiss to Transport Matrix

(/4,0

o
3 i

MR )

_\/ﬁ% \/,170 COS(¢0)

[X.} a3 V¢ 0 (sin(w(s)+¢o)]
< 5 \oos(y(s) + )

17
_ /73 Jg 0 [cosw(s) sinz//(s)j[sin%]

N —siny(s) cosy(s) )\ cosg,

M(s)z{\/ﬁ OJ(cosw(s) Si”W(S)j[fFo O]

L | siny(s) cosp(s))\ = VA

_[ \//;Zi)[COSWJF%SinW] \ B sSiny ]

=

VBB
Vgl —a)cosy —(1+a.a)siny] \/%[Cosw—asim//]
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2(s) =M(s,0)Z(0)
Z(L)=M(L,0)Z(0)

Poincare Section

Z(s+L)=M,(s)Z(s) ., M,=M(s+L,s)

Z(s+nL) =M;(s)Z(s)
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The Periodic Beta Function

If the particle distribution in a ring is
stable, it is periodic from turn to turn.

o(x,x',s+L)=p(x,Xx',s)

To be matched to such a beam, the Twiss
parameters a, B, y must be the same after
every turn.

Poincare Section

Z(L)|Z

J%[cosw+aosinw] \ BB siny
\/ﬂoTﬂ[(aO —a)cosy —(L+aya)siny] \/%[cos://—asin ]

M. (s) = COS 1+ Sin u £sin u _cos i+ a f sin 1
0 —ysinu  coSu—asinu —y —a

M(S1O) —

pu=y(s+L)-y(s)
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The periodic Twiss parameters are the
solution of a nonlinear differential equation
with periodic boundary conditions:

p'=-2ca with  gB(L) = £(0)
a'= kﬂ—% with «a(L) =a(0)

L
_ 1 o
ﬂ_jﬂ(§) ds
0

Note: f(S) >0

Mo(s):cos;w(a 'Bjsiny
—y -«

Stable beam motion and thus a periodic
beta function can only exist when Tr[M]<2.

Poincare Section

|
Z(L)|Z

c0s 11 = L Tr[M ,(5)]

_ 1
IB — MO,lZ sinu

_ 1
a = (Mo,ll _Mo,zz) 2sin
}/ — 1+'gc2
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The Tune

The betatron phase advance per turn
devided by 2x is called the TUNE.

p=2rv=y(s+L)-w(s)

It is a property of the ring and does not
depend on the azimuth s.

M (s) =cos u + (—a(s) 'B(S)jsin 1 Z(L)|7,
y(s) al(s)

2005 44(8) = Tr[M (5)] = Tr[M (5.0)M , (0)M ;' (5.0)]
=Tr[M,(0)] =2cos &

Poincare Section

| x(nL) = x, Bsinnu

®
@
\

M, :cosny+( p Jsin nu
v —a o
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The Closed Orbit

X'=a The extra force can for example come
) from an erroneous dipole field or from a
a'=—(x" +K)X+ Af correction coil:  Af =$AB, = Ak

S
Variation of constants: 7 = M Z, + AZ with AZ = JM(S — §)( ° jd§
0
r 0
For the periodic or closed orbit: 7 =M ,Z -I—MOJM—l (§)( jd§
0

1 _1L 1/a O A~
Z, =[M; -1 [M (s)( . (g)]ds

r —\@simﬁ

= e [(cos;z—l)1+sinyé]j \/f[cos /s +asiny]
ol \ 7 yrasihy

Ax(S)ds
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Closed Orbit Integral

L
X0 (0) = 550055 jAz%w/,B,B[(l—cos 1) siny +sin g cosy]ds
0

L
12% J‘A,&/IBIBZSin Z[sin4siny +cos4 cosy]ds

o 4sin

S
=29 j A (8)y/5(8) cos(y () ~£)d8
s{+L} A ~ ~
cos( J%ds—%):coS(W—W{Jrﬂ}—%)=C05(\W—W‘_% S4L

S
The {...} applies when S is smaller than S
and therefore ¥ is smaller than ¥ .

Xeo (8) = LLEL§ Ak (8)4/ B () cos(ly (8) - w(s)| - £)d$

sm"

= 2 A8 g cosy -] -4
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X

Orbit from One Kick

Ko (5) = A8, 202 cos(ly, — /] -4
S . B JBE) B
For ¥ =¥y thisisafree X, (S)=Ad 2sint ~cos(y —y, -5
betatron oscillation
=2J5(s) sin(y + ¢,)
2 B B u
J=A4 8S,nk B e
For ¥ S¥ thisis a free X, (S)=AS “ﬂ(m)f" cos(y —y, +5)
betatron oscillation 2
2 P _
! dipole error ‘] A‘9k 8smk ! ¢O _ % o Wk + %
XA,
x distorted orbit
ideal orbit “ / _ The oscillation amplitude J diverges
S, \/ s when the tune v is close to an integer.
\j

Georg.Hoffstaetter@Cornell.edu

USPAS Advanced Accelerator Physics 12-23 June 2006



Closed Orbit Correction

When the closed orbit Xg;d (Sm) is measured at beam position monitors
(BPMs, index m) and is influenced by corrector magnets (index k), then the
monitor readings before and after changing the kick angles created in the
correctors by AY, are related by

neW(S ) XOId(S )-|—ZA19 WCOS(‘Wk Z}n‘_?)\/ \V

sm”

L
X2 (s )+ Zomkw \
X' = X%+ OA 9
“ Alg — —O 1_}?(:(1 — Xnew — O Xco (S)
It i i B
is often better not to try to correct the A\ N

closed orbit at the the BPMs to zero in this way since

computation of the inverse can be numerically unstable, so that
small errors in the old closed orbit measurement lead to a large
error in the corrector coil settings.

A zero orbit at all BPMs can be a bad orbit inbetween BPMs
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E X (5) = 9 LY cos(y - |- 7v)
: 5 / \ 4

X (31—) + X, (31—) + X (31—) =0
X, (S3, ) + X%, (S3,) + %3(S5,) =0

2 B, cos(zv) +2 | B, cos(yr, —v| - v) =~ B, cos(w, —w - 7v)
" J B, cos(y, — | — vy + %2\/?3 cos(zv) =— B, cos(lw, — |- 7v)

s

cos(yy, — V)

— \/ﬂig cos(y 4y, — V) \/ﬂis cos(zv)

N = cos’ (zv) —C0os” (w5, — zv) = sin(y,, —2zv)siny,,

[‘%J__l \/%Sin(%ﬂ—Zﬂv)sin W, _1 |y Esing,,

1/?—2 Sin(y,, —2zv)siny,, | SINYWy ﬁ—i Siny.,,

did =L siny;, ! 182 Siny;, : 183 SiNyy,
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