LECTURE 4

Piecewise matrix solutions to the linear trgjectory
eguations
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To understand strong focusing, we must consider what happens
when K varies with s.
General linear trajectory equation
2
322 +K(s)z=F(s)
S
A second order, inhomogeneous differential equation
General solution:
Let s, betheinitial position. Define solutions to the homogeneous
equation
C"(s,5) + K(s)C(s,5) =0, C(sp,%) =1 C'(s0,5) =0

S'(s50) + K(5)S(s,5) =0, S(0,%) =0, S(s0.%) =1

C(s,s) iscaled the“cosinelike” principal trgjectory, and §(s,s,) is
the “sinelike” principal trajectory.
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Suppose K is constant and K>0: then we have
1 .
C(s,5) = cod(s—)VK), S(s.5) = xS n((s-s)vK),
Hence the names.

Propertiesof Cand S

C"+KC=0 x S
S +KS=0 x(-C)
d
ds

C'S-S'C=- (CS' —C'S) =0
CS -C'S=constant =1
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Back to the inhomogeneous equation:

d%z

— +K(s)z=F(s

o2 (8)z=F(s)
7" +K(s)z=F(s) x(—C)
C"+K(s)C=0 xz
Add:

"o _ " :E - _ N = —
C"z-Cz ds(C z-Cz)=-CF(s)
C'(s5)z-C(s%)Z +Z(5) = — [ C(t, ) F(t)dt

S
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Same, but with Sin place of C:
S
S(s.%)2~ S(5.%)7 - 2s) =~ [ St o) F(t)elt

S
Multiply first equation by -S, second by C, and add:
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S
-C'S+CzS-7(5))S= SJ’ C(t, 5p) F(t)dt
S

CSz-C¥ -Cz(s) = —C} S(t, 5p) F(t)dt
S0

2(CS -C'S)=
2(s,%0) = C(s,59)Z(0) + X(s5,5)Z (%)

+5(s,5) [ C(t, ) F(t)dt — C(s,50) [ St, o) F(t)clt

S S
Thisisthe general solution. Applying it to our trajectory equations,
we have
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X(S,5) = Cx(S, %) X(S) *+ Sc(S: %)X (o)

+5%(s i (O (Et)so)dt Cus%)[ %dtg

= CX(S,So)X(So) +S¢(s,50)X'(Sp) + D« (S,%0)
where

Du(5:%0) = &(ss@j Sl C(ssmﬂd

p(t) p(t)

is called the dispersion trgjectory. In the other plane

¥(s:%0) = Cy (s 5)Y(S0) + S (s %)Y (S0)
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Path-length equation:
d X
= 1 +
ds o}

3,(5.5) =1(9) ~1(s) ~(s %) = I (f;)) -

S

= X(SO)M51(S1SO) +X (SO)M52(51SO) +Msg(S, %)

These results are all combined in the following matrix equation:
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0x(sS) 0

[X'(s,5)0 This matrix is sometimes called the transfer matrix It depends only
O (5.5) O on K(s) between sand s. It can also accommodate coupling, using
OYSS0) 0_ 2(s,5) = the off-diagonal terms.
(s%0)5
éﬁl (%) If we're only interested in, for example, x motion, and =0, we
o % have
0G(s%)  Ssn) 0 0 0 Dy(s%) IXS)O M5%) = X(2)08 %) x(R)Sd5 %)
OCi(ss) S(s%) 0 0 0 Dy(sSp) I (5)C X'(S,%) = X(Sp)Cx (s, 50) + X' (50) Sk (S, %)
0 O _X(ss) [
g o0 0 Gls%) §6%) 0 0 myw)n X($%)= g o)
0 o 0  Cyuss) Ssx) 0 0 ()1 6% S(5%)
a6%) M%) 0 0 1 Me(ss)Thi() (= CORIVICENEEY
0 0 0 0 O 1 5 % x(5%) (8%
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Notes: Evaluation of C and Sfor idealized fields
. odx <00 focusing For the idealized fields, although K varieswith s, it is piecewise
1F : =C'=M .
ocusng dxg c 21H> 00 defocusing \ constant .
dxg_ 1 1 ‘
Focal length f =—" =-—= -~ S
o eng dx’ C M 21 ! /Fk) _—
C s Gradient dipole
2.CS’—C'S=C, S=Det M=1 11 2 314 ||5 7 |8 4
3. If K(s) is constant, then, for any A, H\/’ o H .

M(s+A,50 +4) =M(s,5)
4. 1f K(s) isperiodic with period L (i.e., K(s+L) = K(9)),
thenM(s+nL,s5 +nL) =M(s,5) , n=1,2,3...
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il j
sl B/

Pure quadrupoles
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The trajectory of a particle through this array of magnets can be
calculated by finding the matrix M, for each of the i magnets, and
multiplying the matrices together.

2 =M(s1,0)2
2, =M3($2,5)2 =My($,5)M1(s1,0)2

Example:
P =M (52 =5, 0M (5,02 =M 2(Lp, )M 1(L1,0)%
K 23 = M3(3,52)22 =M3(Ls, OM 2(Lp, M 1(L1,0)7 = M(s5,0)2
M(s3,0) = M 3(L3,0)M »(L3,0)M1(L4,0)
L
1
> > S
et [
L3 So we just need to find the M matrices for the individual magnets.
] Weredlly just need the gradient dipole, since apure dipole and a
0 s s s pure quadrupole are special cases of agradient dipole.
1 2 3
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Inagradient dipole of length L: 1- LK, in( LKy
gradient dip ! g DL(L.0) = cog(L X); D;((L,O):Sm( ;X)
Let Ky =k+~ PKy P/ Ky
P

Cr+K,C,=0 C,(0,00=1 C,(0,0)=0; _
S+K,5=0" §(0,0=0; §(0,0)=%
1

C,(L,0)=cos(L/K,), @(L,O)=\Ksn(LK),
Ci-kC,=0 C,(0,0)=1 C;(0,0)=0; _
§-ks,=0" §(0,00=0; S(0,0=1

. 1
C,(L,0)= cosh(L'k), §(L,0)=sinh(L+k)

Then
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1-cos(LKy).
PKx PKx ’

1 sin(LyKy)O
Msgg(L,0) = -
0= e B

M51(L,0):gn(LM)' Ms,(L,0) =

Transfer matrices for drift spaces, pure dipoles and quadrupoles:
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Simplest case: Gradient dipole with 1/p—>0,k—>0 =>
Drift space, length L:

Gradient dipole with k->0=>

L 000 0g pure“sector” dipole, length L:
O 1 000 OB
M (L o):Ep 0 1L 0 0y Let qozﬂ:dipolebendangle
" 0 0 10 OB p
% 0 0010 Transfer matrix:
0 0001
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] cos@ psin @ 0 0 Al-cos O In this approximation, the transfer matrix is
—=—gin cos 0 0 sin — ==
B 5 Q Q Q B - 1 Lp 0O 0 O 2\ fO
_ 0 0 1 0 0 O 1~ O
M(Lp,0) = pe 0 o-1 1 0 0 0 g
0 O 0 0 1 O 0 0 n f Vi og
Usng dl-cosg 0 0 1 dogsin M(Lp.0)=p 0 0 11, 0 0 p
H H 0o o o 10 o O
0 o 0 0O 0 O 1 O Om— 5
P b bl g o1 o g
Focal length in x is f=——. If, as is usual for high-energy L f 21 f
sng Ho o o000 1 0

accelerators, p<<1, sing= qo:LpD. This corresponds to a focal

02
length f =L— >>Lp.

D
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Except for very weak focusing in x, the sector dipole looks like a

drift section of length L. The lowest order dispersive effects are a

changein the trgjectory’ s angle by the bend angle times times the
relative momentum deviation:
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Ax’zé\/LD:5LD:5(p
f p

and achangein the trgjectory’s position by the bend angle, time
the relative momentum deviation, times half the magnet length:

ax=50 to-slo
2\t °2

A rectangular dipole

net effect of thisisto make it weakly focusing iny, neutral in x.

Gradient dipole with 1/p->0=>
pure quadrupole, length L,

Let @= Lok, for k>0
Transfer matrix

| cos@ ésin Q 0 0 o ot

~ X D i N‘fk D

/-—\ = O-vksing  cos@ 0 0 0 0O

0 1 . U

/ \ M(Lo.0)=0 O 0 coshg - sithg 0 0p

B 0 0 Jksinhg coshgp O OE

has an effective extra field length at the ends for negative x, o 0 0 0 0 1 00
absence of field for positive x, compared to awedge dipole. The E 0 0 0 0 0 1%
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Focal lengthinxis f =+
J Jksing A physical lens of length L, is formed by sandwiching the zero-

For k<O: interchange x and y submatrices, replace k->|k|
Thin lens approximation:
If p<<1, sing=@p=LgVk

: 1
This correspondsto afocal length f = — >>
€sp g kLQ Lo

Transport matrix (x-y part only) in the limit L->0 while kL,

remains finite:
0l 0 0 0g
ol 1 0 oo
My o= 2 o 0 -1
tinlens™g0 0 1 00O kLQ
1
@o 0o = 1@
f
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length thin-lens between two drift spaces of length Ly/2.

—P

Lo

The transport matrix for aphysical lens of length L, in the thin-
lens approximation, is the matrix product:
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Sl Lo o omL 00 O%L Lo g O A symmetric FODO cell isformed from atwo half-strength
2 m 1 10 0 ) 0 focusing lenses and a full-strength defocusing lens, separated by a
M ( o):ED 1 0 omf oo 1 0 00O drift space of length L/2:
Lo, o 1 Mo 0 1 ooy o . LoD
% 2%0011% 2E S e
0O 0 1 f 0O 0 1 ;
2 :
E}_ﬁ LQ—Li 0 0 O o 2f - f 2f
g 2f 4f S0l g 0 0g
o_1 1_§ 0 o O 01 1 0 od
_0O f 2f D"’Bf S <—>|L
=0 L 20700 0 1
0o 0 1+ <9 LQ+£D O 1 on
0 2f 4fop Oo o = 10
! o o0 f 0
@ 0 0 N i) @
f 2f
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L is called the cell length. Transfer O 2 L2 O
matrix: o 152 L+ ¢ 0 0
: 8f 41 E
1 0 0 O 0O 0 O O
Elrl 1 0 thl "2 0 ot 1 0 og ELL@—LD 1—"—2 0 o U
(Lo =D 2f 1 0 oCh 0 LoD 4120 afd a2 0
L0500 0 1 odp o 1 LD O L OO (LO)=0 2 20
1 2 1 § 0 0 1- 5 L-—U
Ho 0 o 1dh o o 1HP 0 -¢ 17 0 8t af g
2f f 0 2 [
1 0 0 0 0 0 o -LtRH+EH1-LEg
oLy, 0 oYy 0 0 2t a4t " ge20
— 1 0 od
Eb 1 0 0L 2f 0
* L/;/A10 0 1 00 | 412
0 0 1 /2 1 Net focal length in both planes ~——: alternating gradient focusing
B o o 10HO O 1@ -
2f
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The FODO cell isthe basic unit used to provide strong
focusing, or alternating gradient focusing, in most modern
accelerators.

The arrangement of idealized fields in an accelerator is called
the magnetic lattice. A FODO lattice is simply a collection of
FODO cdlls.

In acircular accelerator, the O’ s (drift spaces) in the FODO
cellsare usually occupied by bending magnets (which have very
little focusing strength, and are almost equivalent to drift spaces).
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RAVVAVANIA

Linear particle transport through each element corresponds to
multiplication by the appropriate M matrix. The alternating
gradient provides strong focusing in both planes.

Passage through the whole lattice once corresponds to
n
multiplication by the product matrix M =[] M;, wherethe
i=1
product is over all n magnetic elements in the machine.
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| I I I
0 L oL 10L

Symmetric FODO lattice, no bends. 10 cellsL=1 m. Lens focal
length f. Let M. (f,s,0) = transfer matrix from O to sfor
symmetric FODO cell of focal lengthf.

\

Then: overall transfer matrix at s=snL+As
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M(s,0) =M(nL +As,0)
Mc(f,nL+AsnL)M(f,nL,(n-2)L)..M(f,2L,L)M.(f,L,0)

=M (f,As0)[M(f,L,0)]"
because of the periodicity of M

The principal trajectories are

Cy(5.0) = M13(5,0); S(5,0) =M 12(s,0);
Cy(5,0) =Ma3(s,0); §/(5,0) =M34(s,0)

In the following figures, f isin m, and the sinelike trgjectories are
inm.
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Cosinelike and sinelike x trgjectories vs (m), for various values of

f

4 V 4
3 Cosi nel i ke, x 3 Cosi nel i ke, x
2 Sinelike, x 2 Sinelike, x
1 f= 1.8 1 f= 1.5
2.5 5 \15\\10 12.5 15 17.5 20 2.5 7.5 \9\0 12.5 15 17.5 20
-1 -1
-2 -2
-3 -3
-4 -4
4 4
3 Cosi nel i ke, x 3 Cosi nel i ke, x
2 Sinelike, x 2 Sineli ke, x
1 f= 1.2 1 f= 1.0
2.5 7. 10 12.5 15 17.5 20 2.5 5 7.5 10 12.5 15 17.5 20
-1 -1
-2 -2
-3 -3
-4 -4
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3 Cosi nel i ke, x 3 Cosi nel i ke, x

2 Sinelike, x 2 Sinelike, x

1 /_/7 f= 0.75 1 /\N\ f= 0.45

2. 7.5 10 12.5 15 17.5 20 \%5/ WO 12.5 15 17.5 20

-1 -1

-2 \/EK//\/\/ -2

-3 -3

-4 -4

4 20

3 Cosi nel i ke, x 15 Cosi nel i ke, x

2 Sinelike, x 10 Sinelike, x

1 M\ /\A /\/ f= 0.3 5 f= 0.25

\,\?5/ W 7W10 12.5 15 17.5 20

o1 -5
-2 10
-3 -15
.4 20

Cosindlike and sinelike y trajectories vs sS(m), for various values of
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4 4
3 Cosinel i ke, y 3 Cosinel i ke, y
2 Sinelike, y 2 Sinelike, y
1 f= 1.8 1 f= 1.5
25 5 \Q\io 12.5 15 17.5 20 2.5 N:s\/\\io 12.5 15 17.5 20
-1 -1
-2 -2
-3 -3
-4 -4
4 4
3 Cosinel i ke, y 3 Cosinel i ke, y
2 Sinelike, y 2 Sinelike, y
1 f= 1.2 1 f= 1
2.5 Wﬂ 12.5 15 17.5 20 2.5 5 J-5 10 12.5 15 17.5 20
-1 -1
-2 -2
-3 -3
-4 -4
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Cosinel i ke, y

Sinelike, y

BN w A

f= 0.75

BN w A

Cosi nel i ke, y
Sinelike, y
f= 0.45

A w N

Cosinel i ke, y
Sinelike, y
f= 0.3

BN W A

A w NP
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12.5 15 17.5 20

Cosineli ke, y
Sinelike, y
f=0.25
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Note:
1. Changing f changes the wavelength of the trgjectory oscillation,
and also changes the amplitude.

2. Decreasing f makes the wavelength shorter
3. Decreasing f makes the amplitude smaller, until we get to very

small f, when the amplitude blows up (trajectory increases
exponentially)
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Example 2:

10 cell Symmetric FODO lattice focal length f, 5 m bend with
@=0.1, 10 cell symmetric FODO lattice, focal length—f. L=1m.

Then: overall transfer matrix is again obtained by taking
appropriate matrix products.
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The principal trajectories are
Cx(8,0) =M11(s,0); S(s,0) =M15(s,0);

Cy(5.0) = M 35(5.0); /(8:0) =Ma,(s.0)

Trajectories vs. s(m), for f=0.5 m; sinelike trgjectory in m.

Cosi nel i ke, y
Sinelike, y

Cosi nel i ke, x
Sinelike, x

® o BN | N B O ®

® o &N | N B O ©
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The dispersive trgectory is
Dx(s,0) = My4(s,0)

Dispersive trgjectory (m). vs s(m)

Di spersi on, x
0.4

0.2

AN
VY

-0.4
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