LECTURE 15

Non-linear transverse motion

Phase-amplitude variables
Second —order (quadrupole-driven) linear resonances
Third-order (sextupole-driven) non-linear resonances

Phase-amplitude variables

Although the perturbation approach discussed in the previous
lecture allows a genera discussion of the conditions for resonance,
to analyze the motion in phase space near aresonance in detail, we

have to go back to the full equation of motion:

Lecture 16, p. 16:

¢ 02 = —02p°2 BB
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with the driving term given by
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To solve this equation, we have to make two more changes of the B 4 €
phase space variables. The phase space variables associated with ¢=-tan &
the Floguet coordinates are (¢, é). For purely linear motion, the DE DZ
Q r2 =¢ 24 %E

phase space isacircle:

¢

Q

QY

We will change to polar co-ordinates (r, ¢) in phase space, where
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These are sometimes called “ phase-amplitude” variables, because
for purely linear motion

r=a
the invariant amplitude of the motion, and
_tan—l —QasnQy Q=09

o= QacosQuy

the betatron phase.
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A particle executing purely linear motion has constant r, and
@padvances by 2nQ every revolution. The conversion from (r,¢) to
Floquet coordinatesis

& =rcosp E: —Qrsing

We will now proceed to transform the equation of motion into
phase-amplitude variables. Then we will identify the resonance
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driving terms, and ignore all other terms. When we are done, we

will have an equation that we can integrate to get the trgjectories in
phase space.

For theradia coordinate, we have

2 DL S S R A
=0 G A A 20 o
_op, 10 o n[D
=28+ Q? 52 Q%¢ -Q° z CrmnexplimyJE@)" i

=-2¢ 3 Craexpimy]éw)”

Eliminating the Floquet coordinates gives
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2 )

" - 2Qc0s” psin g™ S Cmnexpimy]
dy Mm=—co

For the polar angle variable, we have

- 7 Q™S Cunexplimy]
tang= _< O di’ Qz e [
Q€ dy O Q2 +§ 0
H H
O

=Q@ +cos™ gt z Cmnexp[lmL//]D

U m=—oo

WEe'll now specialize to a particular type of field error.

We'll start with quadrupole errors, for which the motion remains
linear.
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Second-order (quadrupole-driven) resonances

A guadrupole-driven resonance corresponds to n=1. The
equations of motion are

dr2

= =2Qr?cosgsin @ E Craexplim ¢
d‘l’ m=—o ,
do

-choszfp > cmlexp[lmw]m
dy m=—co

For asingle resonance, only one value of mwill be important.
For that value of m, we have

Cm1exp[imy] = Z:Q?ds'ﬁ(s’)bégslp)exp[im(w -y
0
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Combining the positive and negative values of mgives
Crna explimy] + C_pq exp[-imy] =

C
ng gdsdﬁ(s)bgfp)cos[m(w )

= i(Amlcosmtp + By sinmy)
m
Cox= Afé
in which
11/26/01 USPAS Lecture 15 9

Amlzids’ﬁ( ABI(j)cosE?D(S)H
AB'(S) . M

am=?mmg ps%ﬁ¢w%

These are the harmonic coefficients that will drive the
resonance. The equations of motion become

2
erzzrzcosqosin @ Ayg cosm @+ By sinm y)
QU =Q+- coszm(Amcosmw+5msnmw)

We expand out the trig functions:
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dr2  r2 Dﬁml(sm(Zqo my)+sin(2g+my)) O .
dy 2nm Eer(cos(Zqo my) - cos(2p+m )

Recall that a quadrupole can only drive a second order
resonance: thisis reflected in the term with argument

20— mLp ZBQ DL/I which drives the second order resonance

aQ= E' (The terms with arguments 2¢ + my do not drive any

resonances, since Q is always positive: they correspond to rapidly
oscillating terms that may be neglected).

So we have
dr?

@ D?rz[pmlsm(zq,_ M) + By cos(2 g—m @]
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A similar treatment of the equation for @ gives

49 16, Aor, Au B
dy HeQr 471Jr 2ncosmz/1+ Znsmmtp

+ET[Amlcos(2(0—ml/J) ~ B sin(2¢-m y)]

The terms with cosmy and ssnmy will oscillate rapidly, and can be
neglected. The m=0 term corresponds to the quadrupol e-induced

tune shift:
Pould, H[Amlcos(Z(p M) = By sin(2¢-m )
dw 4nD 4
The tune shiftis
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which we can recognize from our previous work (Lecture 8, p
19)

We need to make one more manipulation: we can ssimplify the
arguments of the trig functions by introducing the angle

m
d=p-"7
Then the two equations for phase and amplitude become

dqf dp _m _m 1
aw dy 2 =(Q +AQ) + [Amcosw BruSin2¢|
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o _
dy ~2m

Combining these equations gives us a differential equation for the
phase space trajectories, that is, an equation for r as a function of

¢
2
a2 a2 [quJD L[Amlsiand+BmlcosZ¢]

dg ~ dybdyl " (Q+AQ)- +—[Am1c032qd BruSin2¢)

Z[Amgn2¢+3mcosz¢]

dr 1d Z(Ij 2T A L Sin2¢) + By cos2 ¢

r (Q+AQ) - +—[Amlcoqud BruSin2¢)
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This equation can be integrated relatively easily. Theresultis

2 _ a’

1 A COS2¢ — Bmlsm2¢
T Q+aQ-7

a2

L1 1 Ay cos2p-my) - Bmlsin(Zqo—mgt)
47T Q.,.AQ_i
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where a is a constant of integration; it can be interpreted as the
value of r? far from the resonance, when the denominator of the

resonant term Q + AQ —%1 islarge.

To understand this result, we ssmplify it by taking B,,=0, and m=1.
Then, if welet 8Q=Q +AQ -7,

2 _ a’

r<=
Am _
1+ 4 cos(2¢ - )

Thisisafamily of ellipsesin Floquet coordinate phase space, for
various values of a. Let’s plot some of these, for dQ=0.001,
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A,,=0.02, and for aranging from 0.5 to 3.5. The left figureisfor
=0, theright for Y=174.

6 ¢

perturbation changes the lattice functions, and hence changes the
Floguet transformation. We could restore the circular shapesin
phase space if we redid the Floquet transformation, but used the
new values of the lattice functions, after the introduction of the
quadrupole errors.

Thismotion islinear and stable for all amplitudes. However, if we
inspect the equation for the phase spaces €ellipses, we see that, for a
physical solution valid for all ¢ we must have

Anm
1+ cosl2¢p-y)=200 1
4 &) 29-4) 41 &)
c
1 , AB'(s
% s 6Q2'Z“‘1:Ids[3(s’)( )COS[ZCD(S)]
All the phase space trajectories are elliptical, even for the smallest T 4 Bop
value of a. The elliptical shape reflects the fact that a quadrupole
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Thisis the second-order resonance stopband width. 5 5

Note: if we had not assumed B,,,=0, we would have found for the
stopband width

a2 A * B
m
If the tune shift is larger than this value, then the motion is unstable
for all amplitudes: The next two figures show the phase space just
outside the stopband (bounded (stable) motion, left figure) and just
inside the stopband (unbounded (unstable) motion, right figure).
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Third-order (sextupole-driven) resonances

A sextupole-driven resonance corresponds to n=2. The
equations of motion are

Combining the positive and negative values of mgives
Cin2 exp[imy] + C_, o exp[-imy] =

2 1?ds’ﬁ( Zb2 cos[mt/,l W)
(;:’U=2Qr3cosz(psingo S Cmzexplimy] My
m=—co 1
do E(Amz cosmy + By Sinmy)
G =Q+reos’s 3 Croenfimy]; -
v m=—oo inwhich
For asingle resonance, only one value of mwill be important. 3 AB" (< [ 0
For that value of m, we ha\C/e Anz = f ds'B(s ZB(S p) coSth (s )B
. 1 by(s
Crzexplimy] =~ [ds/5(s) 2 exp[lm W=y 3,AB"(s) . [ O
’ 2mQ =(ds'B(s) 2———sin-P(s)
0 Bop B2 %’ (s) 28,0 Ot g
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These are the harmonic coefficients that will drive the The various terms in the expansion correspond to different
resonance. The equati ons of motion become resonance orders. Recall that a sextupole can drive first order or
third order r%onanc&e thisisreflected in the term with argument
dr® s + nm y)
dy - > cos” gsin ¢f Az cosm Y+ Byp S 3p-my= 3%3 z,u which drives the third order resonance at
m , .
g(p =Q+~ rCOS (KAmZ cosmy + Bmzsnmw) Q= g, and the term with argument ¢— my = (Q - m)L,U1 which
v _ _ drives thefirst order resonance at Q = m. (The terms with
We expand out the trig functions: arguments 3p+my and ¢@+m do not drive any resonances,
O sin(e+my)+sin(B3e+my) O O since Q is always positive: they correspond to rapidly oscillating
2%_ . ) E terms that may be neglected).
a2 _ 1 a0 Crsin(g-my)+sinBe-my)t g . _ . . .
=g Since we are only interested in the terms that drive the third
dy Aam ol [rog(@+my) + cog(3¢+m ) order resonance, we have
5 "HB-cos(p-mu) - cos(3¢-m )
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dr?

M 4 3[Anzs'n3¢' M) + By cos(3¢-m ¢

A similar treatment of the equation for @ gives
d .
“’ 0Qr ff[pmzcos(w' M) - BraSin(3¢-m y)]

As before, we simplify the arguments of the trig functions by
introducing the angle

wqo‘”

Then the two equations for phase and amplitude become

o _
dy ~ 4m

Combining these equations gives us a differential equation for the
phase space trajectories, that is, an equation for r as a function of

¢

3[Amzsm3qd + Byp COS3¢]

3
o2 _ a2l gl AneSind + B c0s3g]

dg  dyTdy Q—§+8L7T[Amzcos3<d—anzsn3¢]

This equation can be integrated! The result gives the phase space

dg _dp m m, 1 . - . . : .
= =0 -+ 1 cos3¢ — sin3 trgjectoriesin the vicinity of athird-order resonance:
dy " dy 3 Q 3 87T[Am2 ¢ — B Sin3¢]
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22 =2 413 m2 cos3¢ — By sin3¢
12"%?_* a2 =2 413 Am2C0S3P
12n&)

3 Amz Co(3p— my) - B Sin(3g-m ¢)
1277%3——

where a is a constant of integration; it can be interpreted as the
value of the invariant far from the resonance, when the

_I’ +r

denominator of the resonant term Q — g islarge. To understand
thisresult, we simplify it by taking B,,=0, and look at the point in
the ring where ¢/=0. Then, if welet 3Q=Q —g,
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Thisisafamily of curvesin Floguet coordinate phase space, for
various values of a. Let’s plot some of these, for dQ=0.001,

A,,=0.004, and for aranging from 0.5 to 3.9
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The circular trgjectories in the center correspond to linear motion
with small a. Asthe amplitude of the motion a increases, the
trajectories distort from circular into triangular shapes,
characteristic of athird-order resonance. The separatrix, the

boundary of stable motion, isthe heavy triangular line. Motion
within the separatrix is stable. Just outside the separatrix, the
motion tends to be chaotic: that is, small changesin the initial
conditions for the motion can lead to large changes after many
turns. Numerical turn-by turn simulation of motion near the third-
order resonance:

11/26/01 USPAS Lecture 15 29 11/26/01 USPAS Lecture 15 30
The corners of the triangle are the three fixed points. and asep _ 2408 Amnp COs3p where a,,, isthe value of a
COS(p 128

Theradial distancer, to the separatrix is a measure of the
maximum amplitude of stable motion. From geometry, on the
vertical separatrix, we have
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corresponding to the separatrix. So,
aSep cos®p= r%p cos @+ rgép A'E ;23(;0
Equating the coefficients of cos gand cos 3@pgives
8 &)
%0 3An

Since a? corresponds to the emittance of the particle, we have an
expression for the third-order resonance width for a particle of
emittance &
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s B”(S)

280 = v3£A’“2- j s B(s " coga0(s )

Note: we ignored the B, coefficient, for simplicity. Including this
coefficient, the resonance width is given by

_ Az + By
20Q=+/3¢ T

The resonance widths may be controlled through the azimuthal
distribution of the sextupoles. With two families of sextupoles at
appropriate locations, both the A, and B, coefficients may be
minimized.

Example:
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500 m model accelerator, with FODO lattice. From Lecture 8, p
37, we saw that we could compensate the natural chromaticity by
placing two sextupolesin the lattice: a sextupole of strength m,=-

105 m® at any D quad, where 3, = 4.8 m, and a sextupole of

strength m: = 59 m™ at the adjacent F quad, where 3, = 16.8 m.

What is the third-order resonance width produced by these
sextupoles, for abeam of emittance e=10° m-rad?

n

B , the
Jo)

The sextupoles had length L, = 0.1 m. Using m=

resonance width in the x-planeis
3e Lg 0% S Bu
2=, éBX FMe + B pMp COS AP %
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where u=1.178is the phase advance per cell.
Plugging in the numbers gives 25Q, = 0.029.

Note: thisis an underestimate, since we have ignored the B,
coefficient.

Asfor the second order resonance, the orientation of the phase
space orbits for athird order resonance in Floquet coordinates
depends on the azimuthal location at which the particles are
observed. The following figure shows phase space at (=174

instead of (=0.
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In resonant extraction, the region of stable phase spaceis
gradually driven to zero, typically by increasing the strength of the
nonlinear fields driving the resonance. This causes all particles
eventually to flow along the separatrices. A magnetic or
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electrostatic septum is placed at an appropriate azimuth to intercept
the particles flowing along the separatrix, and they are diverted
into a magnetic extraction channel.
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