LECTURE 14

Non-linear transverse motion

Floquet transformation
Harmonic analysis-one dimensional resonances
Two-dimensional resonances
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Non-linear transverse motion

Non-linear field terms in the trgjectory equation:

Traectory equation from Lecture 3, p 7, keeping only lowest order
termsin the field errors AB:

_AB(x,Y,9)
Boo

inwhich z=xory.

Z' +K(s)z=

Nonlinear driving terms on the right-hand side can drive
resonances in the transverse plane, leading to chaotic and
ultimately unstable motion.
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Non-linear terms can arise in the trajectory equations from a
variety of sources:

* Sextupoles introduced to control the chromaticity.

* Errorsin dipole and quadrupole magnets

» Higher multipole fields (e.g., octupoles), that, like the sextupoles,
are introduced into the machine to control certain machine
parameters.

11/26/01 USPAS Lecture 14 3

» Coherent fields produced by the beam itself, such as space
charge

» The beam-beam interaction, which, for a colliding beam
machine, is usually the dominant source of nonlinear fields

Nonlinear fields are often deliberately introduced in order to
mani pul ate the beam in transverse phase space: the most common
example of thisis resonant extraction, a technique used to extract

the beam slowly from an accelerator.
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The sensitivity of the beam to a nonlinear resonance depends

on the magnitude and azimuthal distribution of the nonlinear

fieldsthat drive theresonance, the emittance of the beam, and
the exact value of the fractional part of thetune.

In order to understand this quantitatively, we will solve the
differential equation of motion with the nonlinear terms, using a
perturbation method. To simplify the solution, we first make a
change of variables.

Floguet transformation

The general trajectory equation of motion is

2
L; FK(9)z= _AB(X,Y,9)
ds Boo

inwhich z stands for x or y, and AB is a general nonlinear field.

We want to make a change of variables: from (z,) to (&,¢), where,
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z ®(s) _1 _ds and the Courant-Snyder invariant is
E=—ad gy=—"="(—
B o olp

Interpretation of the Floguet coordinates (&,):

For AB=0, the solution to the trgjectory equationsis

z=a,/BcodD(s) +¢)

7= _%(a cog(®(s) +@) +sin(D(s) + )
A/
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which correspondsto an ellipsein (z z') phase space, with a shape
and orientation which isafunction of s.

In terms of Floquet coordinates:
W)= jﬁ = acos(Qy +¢)

é=j§ = —Qasin(Qy +¢)
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Theinvariantis

e M=

955

which correspondsto acirclein (¢, 6) phase space, for al s.
Q

Quy
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In one turn,  advances by 21, and the particle travels around the
circle Q times per revolution.

The cosinelike and sinelike trajectories are very simple in these
coordinates:
CW.Wo) = cosQ(W ~ o) S o) = S'“Q(‘(”?“”O)

C'(.Wo) = -QsinQ(Y —g)  S(W, o) = cosQ(Y~ yp)

The one-turn matrix for these coordinates is the same everywhere
in the machine, and is given by
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H sSin2mQ[]
cos2m) ——

M= Q O

[FQsin2mQ cos2 ML

If I know the coordinates & E , then the real space coordinates can
be obtained from
z=¢ \ﬁ/ﬁ
a

=4z B =% @
= sl EB) =B 8
dé dy _ 1

BT
~VPay ds ,ﬂ QB

(¢ -o¥)
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The purpose of introducing these coordinates is that the linear,
unperturbed motion is very simple in these coordinates.

When we introduce perturbations, they will deform the motion
from that of acircle. To see how this happens, we must rewrite the
general trgjectory equation of motion in terms of the Floquet
coordinates.

Differentiate z' given above and simplify:
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_&-Q%a? +pa)

"

Then the trgjectory equation is
£-Q%(a? +pa’ - KB?) _ _AB(xy.9)
Q232 Bop

Z'+Kz=

Recall: Lecture 5, p 22: in the derivation of Hill’s equation, we

found a differential equation for -/ 3:

11/26/01 USPAS Lecture 14 13

This can be expanded to
280" - B2 +4(|<;32 —1) =00
Ba' +a? =KB? -1
So the trgjectory equation simplifies to

o2 = 2,35 AB
{+Q°%¢=-Q°p Byp

as we would expect, since we know the solution, for AB=0, is

é(p)=acos(Qy +¢)
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Thisisthe equation of adriven oscillator.

For ageneral driving force of the form Aexp|ivy|
E+Q%E = Aexfivy]
the inhomogeneous solution to this equation has the form
&(y) = aexplivy]
Substituting thisin the driven oscillator equation, we have
—av? explivy] + Q?aexp|ivy] = Aexplivy] O
A
Q? -2

If the frequency of the driving forceis very close to the natural
frequency Q of the oscillator, the amplitude a of the driven

a=
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oscillations can be very large: thisisaresonance. The
resonance condition inthiscaseis Q = +v.

Thisis the basic idea behind non-linear resonances in accelerators.
Since the structure of the driving term is a more complex than a
single harmonic function, a bit more analysisis required to get
the details right.

Harmonic Analysis

Return to the trgjectory equation in Floquet coordinates:

¢ o2r - 23 DB
{+Q°%¢=-QP Byp

Let us consider x motion, and a general nonlinear field of the form
AB(x,s) = b, (s)x"
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where b, represents some field derivative: e.g, for n=2 (a

sextupolefield), b, = Bz

the trgjectory equation, that term becomes

. If we plug thisin to the driving term in

—Q2ﬁ32 M
Bop
Unfortunately, we don’t know X, since that’ s what we're solving
for. To go further, we make the approximation that the driving
term isasmall correction (a perturbation) to the motion, so we can
approximatex = &,/ by using the linear motion result
é(y) = acosQu. Then, we have for the driving term, written asa
function of ¢,
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@), by(s(W))On
)2 B s oy
(s(w)) Bp IO
The quantity in bracketsis a periodic function of swith period C,

which meansit is a periodic function of ¢ with period 21t So, it
can be expressed as a Fourier expansion

o) b”(B’;(:f)) = m§ Connexp{imy]

where
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Cmn = Zlnzfdw'ﬁ(s(w' ) b”(;(o‘f)"»exp[-imw']

1 Cdy @), bo(s(W") .,
= (- 5dsp(s(y)) 2 exp[-imy!
o g SR 2 et -imy ]
C 1+ '
_ ij’dgﬁ(s)( n, bn(g)expm_imm(s)m
2mQy Be 0 QH
is the mth azimuthal Fourier coefficient for the field error b,(s).
The Fourier coefficients describe how the field error (weighted by
the appropriate power of 3 and phase advance) is distributed
around the ring.

Examples:

11/26/01 USPAS Lecture 14 19

1. A singlefield error at location s,, of length L. We can choose @
to be zero at this point: then

_ 1 /3(50)(1”‘)2 by (s)L

Con =
"2 Bop
isindependent of m: all values of m are present in the Fourier
spectrum.

2. A machine with superperiodicity N: The lattice functions and
the field errors are periodic in swith period CN: where C isthe

circumference. For example, a machine made entirely of N FODO
cells has superperiodicity N. Inthis case,

11/26/01 USPAS Lecture 14 20




o ¢ O

ON N (1+Q}//bh(gy) »(s)O U

Cn = IdSB(S) 2——"eX for m=jNp
"7 2m Bop E QH

0 ° 0 for m#|N E

where | isany integer.
The Fourier coefficients are non-zero only for
m=0,=N,+2N,£3N,...

Actual machinestypically have low values of the superperiodicity,
e.g, 1 (no symmetry), 2 (half-ring symmetry), 6 (six-fold
symmetry), etc. A high value of N isvery desirable, because of the
elimination of many of the resonance-driving Fourier coefficients.
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The driving term can now be written as

@ 5 Crnedimyla’ cod’ Qy

m=—c0

We want to get thisin the form of a series of exponentials. We use
the identity

cos"Qu = —k ELEGXD ikQy)
=-n

Ak=2

N |
where Qﬂ@z ™ isthebinomia coefficient. Then the
m (n-m)!

driving term has the form
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Zmqu__nHLan Conn €xp[i (M + QK)]
Ak=2

Thisisasum of terms, each of which has the form of an
exponentia driving term. For each term in the sum, thereisa
possible resonance condition, given by

=+(m+Qk) [
Q¥k)=2m, —o<m<oo,-n <k <n,Ak =2

For a particular resonance, associated with the pair of integers
(m,k), the driving term’ s strength is proportional to

_ed'5, 0 EQ ¢

O Fer]

11/26/01 USPAS Lecture 14 23

resp(s) 2 ) o9 a1y

The value of [1-k| iscalled the order of the resonance.

We can make the following table, which covers resonances due to
dipole, quadrupole, sextupole and octupole field errors:

Field error n k | Order Resonant values of the tune
type 1-K _m

Qes™q
m=0,12,...

dipole 0 0 1 m 1,234,..

quadrupole| 1 1 0 tune shift: m=0
quadrupole| 1 | -1 | 2 m 1 13 3,5
2 272 2
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sextupole 2 2 1 m 1,2,34,..
sextupole 2 0 1 m 1234,..
sextupole | 2 | -2 | 3 m 12 lﬂ
3 33737
octupole 3 3 2 m 1 L3 22 S
2 272"
octupole 3 1 tune spread: m=0
octupole 3 1 m, 1l3 S
2" 2727 2"
octupole | 3 | -3 | 4 m. } 1 § 1 5
4 4'2'47°4"
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Example: CESR, with Q,=9.588. The operating tune lies between
the second order resonance at 9.5=19/2 (m=19, k=-1), and the third
order resonance at 9.667=29/3 (m=29, k=-2). The second order
resonance will be driven by the term

B0Q ¢
Do 0BE) B oodot9 -2016)]

The third order resonance will be driven by

ggf J’dsB 2bé£ )COS[CD(S) 30(s)]

Since CESR has approximate superperiodicity 2, both of these
driving terms, having m odd, are suppressed by the ring symmetry.
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Hence, any breaking of that symmetry by afield error will tend to
strength these two nearby resonances.

Two-dimensional resonances

When we consider both transverse planes together, not only do we
have possible resonances in both planes, but we also have the
possibility of coupling the motion from one plane into the other.
The general resonance conditions, including both planes together,
can be written as

K Qy + kyQy =m
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Here k, and k, areintegers; the order of the resonance is
Ky |+ ‘ky‘. m isapositive integer, related to the Fourier harmonic of
the errors, asin 1 dimension. If either k, or k iszero, wehavea
one-dimensional resonance. If k, and kj, both have the same sign,

the resonance is called a sum resonance. Such resonances are just
as dangerous as one-dimensional resonances, and can cause beam
loss. If ky and ky have opposite signs, then the resonance is called
a difference resonance. Difference resonances represent conditions
of energy exchange from one plane to another, and generally do
not lead to beam loss. In electron machines requiring flat beams,
however, these resonances will lead to an increase in the vertical
beam dimension.
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Example: third order resonances

3 =m

2Qx"'Qy:m 2Qy _Qy =m

Q+2Q =m Q—2Qy =m

3Qy=m
To keep track of all this, we usually use a graphical tool caled a

working diagram. Thisis atwo dimensional plot of the vertical and
horizontal tunes (the tune plane). Lines are drawn on this plot
corresponding to the values of the tunes that satisfy the resonance
conditions. One then plots the design machine tune on this

diagram, and can immediately see how close the operating point is
to resonance conditions.
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Examples: In these figures, red lines are sum resonances; black
lines are difference resonances

First and second order resonance lines
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First, second and third order resonance lines
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Resonance lines to 7th order; CESR tunes are shown as a dot
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