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We begin with the notion that the energy and momentum operators are
derivatives with respect to time and space, just as we did to construct the
Schrodinger Equation. According to special relativity, space and time are on
an equivalent footing, so we construct a wave equation that is first order in
both space and time. And we require that it be consistent with the energy
momentum relationship

E2 = (pc)2 + (mc2)2 (1)

That linear combination that includes the mass is

HD = cα · p− βmc2

where the energy operator HD = ih̄ ∂
∂t

and α and β are arbitrary constants.
If we square both sides we get that

E2 = c2(α · p)2 + cα · pβmc2 + cβ(mc2)α · p + β2(mc2)2 (2)

Equation ?? is consistent with Equation eq:em if the following are true

p2 = (α · p)2 (3)

0 = c(mc2)(α · pβ + βα · p) (4)

1 = β2 (5)

And that means that α and β are not c numbers, but rather noncommuting
matrices. In particular Equation 3 implies that

p2 = (α · p)2 = (αxpx + αypy + αzpz)
2

= (α2
xp

2
x + α2

yp
2
y + α2

zp
2
z) + pxpy(αxαy + αyαx) + pypz(αyαz + αzαy) + pzpx(αzαx + αxαz)

→ {αi, αj} = 2δij
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where the anticommutator {αi, αj} ≡ αiαj + αjαi. Equation 4 is true if
{α, β} = 0, and Equation 5 requires that β2 = 1. The lowest dimension
matrices that satisfy the above are 4X4. The following, although not unique,
do the job

αx =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , αy =


0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

 , αz =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1



β =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ,
A slightly more compact notation is

α =
(

0 σ
σ 0

)
, β =

(
I 0
0 −I

)
.

And so with these definitions of α and β we have the Dirac equation(
ih̄
∂

∂t
− cα · p− βmc2

)
ψ = 0

The Dirac Equation is the linear combination of time and space derivatives
consistent with the energy momentum relationship

E =
√
p2c2 + (mc2)2 (6)

If we write ψe−iEt/h̄ =
(
ψ1

ψ2

)
e−iEt/h̄, then the Dirac equation is equivalent

to the coupled equations

0 = Eψ1 − cσ · pψ2 −mc2ψ1

→ ψ1 =
cσ · p

E −mc2
ψ2 (7)

and

0 = Eψ2 − cσ · pψ1 +mc2ψ2

→ ψ2 =
cσ · p

E +mc2
ψ1 (8)
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Non relativistic limit

We know that E − mc2 = ES, where ES is the energy that appears in
Schrodinger’s equation. If we substitute the expression for ψ2 in Equation 8
into Equation 7 and expand to first order in the nonrelativistic limit pc �
mc2, we get

ESψ1 =
(cσ · p)(cσ · p)

E +mc2
ψ1

=
c2p2

2mc2
(1− ES

2mc2
)ψ1

ES(1 +
(

cp

2mc2

)2

)ψ1 =
c2p2

2mc2
ψ1

ESψ1 ∼
(
c2p2

2mc2
− c4p4

8m3c6
+ ...

)
ψ1

ESψ1 ∼
(
p2

2m
− p4

8m3c2
+ ...

)
ψ1

which looks like Schrodinger’s equation with the relativistic correction.

Angular momentum

If the nonrelativistic hamiltonian is spherically symmetric, (the potential
only depends on r), then the orbital angular momentum is a constant of the
motion and [H,L] = 0. That is not so for the Dirac Hamiltonian. Let us
compute

[Lx, HD] = [Lx, cα · p + βmc2]

= [ypz − zpy, cα · p]

= [ypz − zpy, c(αxpx + αypy + αzpz]

= ih̄c(αypz − αzpy) 6= 0 (9)

Meanwhile we define the spin operator

S =
1

2
h̄
(
σ 0
0 σ

)
,
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and evaluate

[Sx, HD] = [Sx, cα · p + βmc2]

=
1

2
h̄c
[(
σx 0
0 σx

)
,
(

0 σ
σ 0

)]
· p +

1

2
h̄c
[(
σx 0
0 σx

)
,
(
I 0
0 −I

)]
mc2

=
1

2
h̄ic

(
0 pyσz − pzσy

pyσz − pzσy 0

)
=

1

2
h̄ic(pyαz − pzαy) 6= 0 (10)

But we see from Equations 9 and 10 that the total angular momentum op-
erator

J = L + S

does commute with HD. Total angular momentum is conserved if the poten-
tial is sperically symmetric.

Coulomb Potential

We include E and bfB fields by substitution of canonical momentum and
energy

p→ p− qA, ih̄
∂

∂t
→ ih̄

∂

∂t
− qφ

Then the time independent Dirac Equation is

Eψ =
(
cα · (p− qA) + βmc2 + qφ

)
In a Coulomb potential A = 0 and we have(

(E −mc2 − qφ)ψ1

(E +mc2 − qφ)ψ2

)
= c

(
σ · pψ2

σ · pψ1

)
From the second equation we get

ψ2 =
cσ · p

(E +mc2 − qφ)
ψ1 =

cσ · p
(ES + 2mc2 − qφ)

ψ1 =
cσ · p

2mc2(1 + ES−qφ
2mc2

)
ψ1

Substitution into the first equation gives us

(ES − qφ)ψ1 = (cσ · p)
1

2mc2(1 + ES−qφ
2mc2

)
(cσ · p)ψ1 (11)
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We expand to first order in the nonrelativistic limit, (ES − qφ � mc2) and
have that

ESψ1 =

(
qφ+ (cσ · p)

1

2mc2
(1− ES − qφ

2mc2
)(cσ · p)

)
ψ1

=

(
qφ+

(cσ · p)2

2mc2
(1− ES

2mc2
) + (cσ · p)

qφ

(2mc2)2
(cσ · p)

)
ψ1(12)

Among other things we need to evaluate the third term on the right hand
side of Equation

T = (cσ · p)
qφ

(2mc2)2
(cσ · p)

and we need to be careful because p is an operator. Note that

pφ{ψ1} = −ih̄(∇φ+ φ∇){ψ1} = (−ih̄∇φ+ φp){ψ1}

Then the expression T becomes

T =
qc2

(2mc2)2
((φσ · p)(σ · p) + (−ih̄σ · ∇φ)(σ · p))

=
qc2

(2mc2)2

(
(φp2) + (−ih̄σ · ∇φ)(σ · p)

)
=

qc2

(2mc2)2

(
(φp2)− ih̄(∇φ · p + iσ · ∇φ×p)

)

∇φ = r̂ ∂φ
∂r

. In the last step we use the fact that for any vectors A and B

(σ ·A)(σ ·B) = iσ · (A×B) + A ·B

If the potential φ(r) is spherically symmetric (depends only on r) then

T =
q

(2mc)2

(
φp2 − ih̄∂φ

∂r
r̂ · p + h̄

∂φ

∂r
σ · r̂×p

)

=
q

(2mc)2

(
φp2 − ih̄∂φ

∂r
r̂ · p + 2

∂φ

∂r

S · L
r

)
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Substitution back into Equation gives

ESψ1 =

(
qφ+

(cσ · p)2

2mc2
(1− ES

2mc2
) +

q

(2mc)2

(
φp2 − ih̄∂φ

∂r
r̂ · p + 2

∂φ

∂r

S · L
r

))
ψ1

=

(
qφ+

p2

2m
(1− ES − qφ

2mc2
) +

q

(2mc)2

(
ih̄
∂φ

∂r
r̂ · p− 2

∂φ

∂r

S · L
r

))
ψ1

=

(
qφ+

p2

2m
(1− ES − qφ

2mc2
)− q2h̄2

4m2c2

∂φ

∂r

∂

∂r
+ q

∂φ

∂r

S · L
2m2c2r

)
ψ1

=

(
qφ+

p2

2m
(1− p2

(2m)2c2
)− q2h̄2

4m2c2

∂φ

∂r

∂

∂r
+ q

∂φ

∂r

S · L
2m2c2r

)
ψ1

=

(
qφ+

p2

2m
− p4

4m3c2
− q2h̄2

4m2c2

∂φ

∂r

∂

∂r
+ q

∂φ

∂r

S · L
2m2c2r

)
ψ1

In that last step we note that in the nonrelativistic limit ES − qφ = p2/2m
and make the substitution. Finally let’s substitute φ = − e

4πε0r
and we have

Esψ1 =

(
− e2

4πε0r
+

p2

2m
− p4

8m3c2
− e2h̄2

16m2c2πε0r2

∂

∂r
− e2

4πε0r3

S · L
2m2c2

)
ψ1

which looks like the Schrodinger equation with relativistic correction (third
term), and spin orbit coupling (fifth term). The fourth term is the so-called
Darwin term. It is a relativistic correction to the potential. It has no classical
analog.

Ultra-relativistic limit

In the ultra-relativistic limit pc� mc2, Equations 7 and 8 become

ψ1 =
cσ · p
E

ψ2 (13)

ψ2 =
cσ · p
E

ψ1 (14)

If we define

ψR = ψ1 + ψ2

ψL = ψ1 − ψ2
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Then we see that

ψR =
cσ · p
E

ψR (15)

ψL = −cσ · p
E

ψL (16)

We next define the helicity operator h̃ = 1
2
h̄σ · p̂ to be the operator that

measures the spin along the direction of motion. Then since in the ultra-
relativistic limit cp = E, we get that

ψR =
2

h̄
h̃ψR → h̃ψR =

1

2
h̄ψR

ψL = −2

h̄
h̃ψL → h̃ψL = −1

2
h̄ψL

ψR and ψL are eigenstates of helicity with eigenvalues ±1
2
h̄. Like neutrinos,

which are massless (or nearly so) and therefore always ultra-relativistic. The
helicty is a Lorentz invariant. You can not transform into the rest frame of
a massless partice.
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