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Normal Mode Decomposition of 2NV x 2N symplectic matrices

Normal mode decomposition of a 4X4 symplectic matrix is a standard technique for
analyzing transverse coupling in a storage ring. We generalize the decomposition to
any 2nX2n symplectic matrix 7" and derive the transformation W from lab
coordinates to normal mode coordinates U. That is

T=WUW™ (1)

where U is block diagonal and real and we construct the real matrix W with the
form
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I is the 2x2 identity, and C}, Cy, C7 etc are 2x2. (If for example, n = 2, then
Y1 = 72 and Cl = —CT)
The matrix
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U = YzZy! (3)
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Since standard techniques exist for diagonalizing square matrices and identifying

eigenvalues and eigenvectors, we begin by doing just that.

T=VDV (7)

where T is the 2n x 2n symplectic matrix, D is the diagonal matrix of eigenvalues,
and V' is the matrix constructed from the eigenvectors. Since T' is symplectic, the
eigenvalues and eigenvectors appear as unimodular, complex conjugate pairs, A;, A\
and v; and ¢f. Then D can be written in the form

@) 0 0
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D= 0 0 ddy) .. where d(0) = < 0 61-9). (8)

The n columns of the matrix V' are the n eigenvectors v;. The eigenvectors are not
unique, but may be multiplied by an arbitrary complex number. That is,
T; — pie'®it; and U7 — pe i, If Vo = o) OF Ty U ..U, U, then
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Note that V (7, ¢) effects the transformation of Equation 7 for any real numbers p;
and ¢;.
We transform from a complex to a real basis with K where the real matrix Z
(Equation 4) is related to the complex matrix D (Equation 8) by the similarity
transformation

Z(03,04,05) = KD(0,0,,03)K* (9)

where
kK 0 0
K=10 k£ 0 (10)
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and
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W-matrix

To construct W and U from V and D, we use Equations 1, 3 and 9 to write

T=wuw-' = vpv!
= VoD(4.¢) (K'K) D(f) (K~'K) D™\ (5. ) Vy !

Now since the columns of V{, are complex conjugate pairs, VoK ! is real. The Z
matrices are similarly constructed to be real and therefore V' is real.
So far we have

wuw—t = vizv'!
WYz@y—"* = v'z@eyv !
— V' =WY
where we have used Equation 3.

Next we determine the parameters p and gg We choose p'so that V' will be
symplectic. In particular, if we write V’ in terms of the 2X2 matrices V;/ then

Vi
v/ — ‘/2/1 ‘/2/2
Vor Vo -\ [mR(61) 0

= | Voo Vo3 - 0 paR(¢2)

p1VorR(¢1)  p2Voi R(¢2)
= pl%%R<¢1) pQVOSR((bQ)

Symplecticity constrains the sums of determinants of V 7 50 that
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In order to determine the order of the conjugate columns of V', and finally the
paramters ¢ we expand
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Then the diagonal blocks are required to have the form

Vo= YiGi
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A real solution requires that [V| > 0. We are free to choose the order of the
conjugate columns of V' to ensure that this is true. (Note that if we reverse the
order of the columns V') — V"7 then the sign of the determinant of the 2 X 2
blocks is reversed.) If we reverse the order of eigenvectors in V’, then we also
reverse the order of eigenvalues in D(g) or equivalently 8, — 27 — 6;. To find gz_g we
proceed with our expansion of V4™ and R(¢;) and write
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We choose ¢; so that G, = 0, or




The ambiguity in ¢;, (tan ¢; = tan(27 — ¢;)) is resolved with the condition that
GY, = Vol cos ¢y — Villysin ¢ > 0.

Summary

1.
2.

Find eigenvectors and eigenvalues
Transform eigenvectors to a real basis

Construct V. The columns of V' are the eigenvectors. The eigenvectors
appear as complex conjugate pairs since 7' is symplectic.

Choose the normalization for each pair of eigenvectors so that W will be
symplectic. In particular if

C1V1,1 C2V1,2
V= C1V2,1 02V2,2
where V; ; are 2X2 matrices, and ¢; = pe'® then choose p; so that

P Vil + [Vaul + [Vaal +..) =1

. Adjust the order of complex conjugate pairs so that |V;;| > 0. That is, if

|Vii| <0, than swap the order of the columns.

Choose the phases ¢; so that
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