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Minimalism describes movements in various forms of art and design, especially visual art 
and music, where the work is stripped down to its most fundamental features. As a specific 
movement in the arts it is identified with developments in post-World War II Western Art, most 
strongly with American visual arts in the late 1960s and early 1970s. Prominent artists associated 
with this movement include Donald Judd, Agnes Martin and Frank Stella. It is rooted in the reductive 
aspects of Modernism, and is often interpreted as a reaction against Abstract Expressionism and a 
bridge to Postmodern art practices.
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Richard Pousette-Dart, Symphony No. 1, The Transcendental, oil on canvas, 
1941-42, Metropolitan Museum of Art
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Barnett Newman, Annaʼs light, 1968



Barnett Newman, Onement 1, 1948. Museum of Modern Art, New York. The first example 
of Newman using the so-called "zip" to define the spatial structure of his paintings.

http://www.answers.com/topic/museum-of-modern-art
http://www.answers.com/topic/museum-of-modern-art


ar
X

iv
:0

71
2.

11
96

v4
  [

he
p-

th
]  

18
 M

ar
 2

00
8

SLAC-PUB-13016
SU-ITP-07/20

Simple de Sitter Solutions

Eva Silverstein

Department of Physics and SLAC

Stanford University

Stanford, CA 94305, USA

We present a framework for de Sitter model building in type IIA string theory, illustrated

with specific examples. We find metastable dS minima of the potential for moduli obtained

from a compactification on a product of two Nil three-manifolds (which have negative

scalar curvature) combined with orientifolds, branes, fractional Chern-Simons forms, and

fluxes. As a discrete quantum number is taken large, the curvature, field strengths, inverse

volume, and four dimensional string coupling become parametrically small, and the de

Sitter Hubble scale can be tuned parametrically smaller than the scales of the moduli,

KK, and winding mode masses. A subtle point in the construction is that although the

curvature remains consistently weak, the circle fibers of the nilmanifolds become very

small in this limit (though this is avoided in illustrative solutions at modest values of the

parameters). In the simplest version of the construction, the heaviest moduli masses are

parametrically of the same order as the lightest KK and winding masses. However, we

provide a method for separating these marginally overlapping scales, and more generally

the underlying supersymmetry of the model protects against large corrections to the low-

energy moduli potential.

December 2007
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Revisiting a No-go Theorem

Dimensional reduction of massive IIA SUGRA gives:

Focus on 2D slices of the full moduli space: 

ρ ≡ (Vol)1/3

τ ≡ e−φ(Vol)1/2

volume modulus
dilaton

V = Vmetric + V NS
3 +

∑

p

V RR
p + VO6 + VD6 + VNS5 + VKK5
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Focus on 2D slices of the full moduli space: 

ρ ≡ (Vol)1/3

τ ≡ e−φ(Vol)1/2

volume modulus
dilaton

For a vanilla subset of contributions to V:

−ρ
∂V

∂ρ
− 3τ

∂V

∂τ
= 9V +

∑

p

pVp ≥ 9V

V = Vmetric + V NS
3 +

∑

p

V RR
p + VO6 + VD6 + VNS5 + VKK5

Hertzberg, Kachru, Taylor, Tegmark



This simple relation has interesting consequences:

−ρ
∂V

∂ρ
− 3τ

∂V

∂τ
= 9V +

∑

p

pVp ≥ 9V Hertzberg, Kachru, Taylor, Tegmark

For inflation, we need V>0, but

ε ≥ m̃2
P

2

[(
∂ lnV

∂ρ̂

)2

+
(
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∂τ̂

)2
]

≥ 27
13

For vacua: V = −(
∑

p

pVp)/9 ≤ 0
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∂τ
= 9V +

∑

p

pVp ≥ 9V Hertzberg, Kachru, Taylor, Tegmark

For inflation, we need V>0, but

ε ≥ m̃2
P

2

[(
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+
(
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≥ 27
13

For vacua: V = −(
∑

p

pVp)/9 ≤ 0

Restoring some of the omitted ingredients may 
evade this “no-go” theorem.

Question: What is the minimal set we need?



Finding dS vacua is as simple as “a,b,c”: Silverstein

V = a(ρ, M)τ−2 − b(ρ, M)τ−3 + c(ρ, M)τ−4

a(ρ, M) =
C̃f (M)

ρ
+

ÃKK5(M)
ρ

+
ÃNS5(M)

ρ2
+

ÃH3(M)
ρ3

Geometric flux, NS flux, NS 5-branes, KK 5-branes:

O6-planes and D6-branes:

b(ρ, M) = +nO6f(M)− nD6g(M)

RR-flux (and by extension, fractional Wilson lines):

c(ρ, M) = ρ3m̃2 + ρÃ2(M) +
Ãelec

4 (M)
ρ

+
Ã6(M)

ρ3



A useful crutch of finding dS vacua is to consider:

4ac

b2
= 1 + δ(ρ, M)

1 <
4ac

b2
<

9
8

By analyzing the dilaton direction, can see dS vacua 
exist only if:

Search for minima of                  in the   direction:

4ac

b2
≈ 1

Maloney, Silverstein, Strominger

ρ

At the minima:

δ(ρ, M) ≈ 0

Vmin ≈
(

b0

2c0

)4

c0δ0 small & positive



The “no-go” theorem follows because:

4ac

b2
= (const)

∑

p

ρ−pÃp(M) with only NSNS and RR 
fluxes and O6/D6

runaway as ρ→∞,with 4ac/b2 → 0

Allowing negative internal curvature:

4ac

b2
= (const)

∑

p

Ãp[C̃fρ2−p + ÃH3ρ
−p]

runaway can be avoided if Ãp != 0 for p < 2



The “no-go” theorem follows because:

4ac

b2
= (const)

∑

p

ρ−pÃp(M) with only NSNS and RR 
fluxes and O6/D6

runaway as ρ→∞,with 4ac/b2 → 0

Allowing negative internal curvature:

4ac

b2
= (const)

∑

p

Ãp[C̃fρ2−p + ÃH3ρ
−p]

runaway can be avoided if Ãp != 0 for p < 2

The minimal additional ingredients for IIA dS vacua: 
negative internal curvature and Romans’ parameter! 



Intuitively, we can understand why:

Negative internal scalar curvature
 acts as an uplifting term.



Model Building
The action for massive IIA SUGRA in string frame: 

S = 1
2κ2

10

∫ −2φ(
!R+ 4 ! dφ ∧ dφ− 1

2 ! H3 ∧H3

)

− ! F2 ∧ F2 − !F4 ∧ F4 − !m2 + CS

where 2κ2
10 = (2π)7(α′)4

H3 = dB2

F2 = dC1 + mB2

F4 = dC3 − C1 ∧H3 −
m

2
B ∧B

The CS term:

−dC3 ∧ dC3 ∧B2 +
m

3
B ∧B ∧B ∧ dC3 −

m2

20
B ∧B ∧B ∧B ∧B

Some flux moduli gain masses 
by Stuckelberg couplings

due to m and (later) metric fluxes



Start with the string frame metric:

ds2
10 = g(s)

µν dxµdxν + gmndymdyn

= g(s)
µν dxµdxν + α′ρ ds̃2

6

Need to introduce O-planes to cancel tadpoles:

(z1, z2, z3, z̃1, z̃2, z̃3)←→ (z̃1, z̃2, z̃3, z1, z2, z3) defines O6-plane

As a warmup, consider M6 =M3 ×M3

dH2
3(Λ) = 6

Λ

(
dϕ2 + sinh2(ϕ)dΩ2

2

)
,

Simplest choice: compact hyperbolic spaces

R = −Λ

Only one modulus: breathing mode
Set Λ =1 by
rescaling ρ



Compactify by discrete SO(3, 1) identifications.

where dimensionless volume of each hyperboloid:

Ṽ6 =
∫

(H3×H3)/Z2

ε3 ∧ ε̃3 =
e2α

2
,

Ṽ3(H3) = eα ≥ 1 : topological data
discrete, bounded below

α

Only two moduli:

α′ρ =
(
V6/Ṽ6

)1/3
τ ≡ e−φρ3/2

4D Planck mass depends on their stabilized values:

∫
d4x

√
g(s)
4

(
τ2α′3Ṽ6

2κ2
10

)
R(s)

4 + ... M2
p =

Ṽ6α′3τ2
0

κ2
10

=
V6,0

κ2
10g

2
s,0



Scalar Potential
Dimensionally reduce to 4D Einstein frame:

S =
∫

dx4
√

g4

(M2
p

2
R4 −

M2
p

2
Gij∂φi∂φj − V (φ)

)
,

Simple for CHM: only two moduli and not so 
many cycles to turn on fluxes

VCURV =
M2

p τ2
0

α′ τ−2ρ−1 .Curvature:

F0 :

F6 = 2 k6 ε3 ∧ ε̃3 :

H3 = pεA
3 =

√
2(ε3 − ε̃3) : VH3 =

M2
p τ2

0

α′
8π4h2

e2α
τ−2ρ−3h2

VF6 =
M2

p τ2
0

α′ τ−4ρ−3 (2π)10 f2
6

e4α
.

VF0 =
M2

p τ2
0

α′ τ−4ρ3 f2
0

16π2
.



O-Planes and Tadpoles
The O6-plane source term in IIA action (string frame):

2(2π)−6l−7
s

∫ −Φ

O6

√
|g|− 2

√
2(2π)−6l−7

s

∫

O6
C7 ,

Bianchi identities:

VO6 = −
M2

p τ2
0

α
e−α′

4
√

8 π τ−3Since it wraps     :ΣS
3

Tadpole conditions:

f0h = 2Only constraint:

dF2 = m0H3 + 2π
√

2 ls ΣA
3 ,

dF4 = −F2 ∧H3 ,

∫

Σi
3

m0H3 = −2π
√

2 ls

∫

Σi
3

ΣA
3 ,

∫

Σ5

F2 ∧H3 = 0 .



Searching for dS Vacua
Collecting all contributions to the potential:

The scalar potential is thus explicitly calculable in 
terms of microphysical flux quanta!

α′

M2
p τ2

0

a(ρ) =
1
ρ

+
32π4

e2αf2
0

ρ−3 ,

α′

M2
p τ2

0

b(ρ) = e−α 4
√

8 π ,

α′

M2
p τ2

0

c(ρ) =
( f2

0

16π2
ρ3 +

(2π)10 f2
6

e4α
ρ−3

)
.

4ac

b2
|minimum ≈ 1 + δ τ =

b

2a
+O(δ)



CHM is too simple:

gs =
eα

4
√

2π

√
ρ0 +

4
√

2π3

eαf2
0

1
(√ρ0)3

A trade-off between
weak coupling and 

large volume

An example:

V6 =
1
2
e2αρ3

dS ≈ 3.72× 105, gs ≈ 0.56

“Marginally perturbative”:

“Marginally perturbative”:

Caceres, Kaplunovsky, Mandelberg (96)
Hebecker, Trapletti (04)

f0 = 2, 4ac
b2 ≈ 1.03,

VdS

M4
p

≈ 7.9× 10−5

f6 = 8, ρdS ≈ 90.614, τdS ≈ 1.47× 103

α ≈ 0,



Separation of Scales
Canonically normalized moduli: τ̂ =

√
2Mp ln τ

ρ̂ =
√

3
2
Mp ln ρ .

have masses of the same scale as the KK modes.

Similar to strongly warped flux compactifications
Giddings, Maharana; GS, Torroba, Underwood, Douglas

CHM reduction is a consistent truncation in the 
SUGRA sense, like the Freund-Rubin vacua:

Minimizing 4D potential 
Solving 10D EOM by setting KK modes=0.



Twisted Tori
Negative curvature, flux backreaction included.

Potentially find dS solutions as spontaneously 
SUSY breaking vacua in gauged SUGRA.

More tunable parameters, possibly find vacua with 
parametrically small coupling & large volume.

Monodromy in the CMB.
Silverstein, Westphal

[c.f. McAllister, Silverstein, Westphal]

Standard Model Building Camara, Font, Ibanez
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A lot more moduli



Twisted Tori
G3 ×G3For twisted tori of the form:

3D Group manifolds classified by Bianchi:

g−1dg = ηaTa
ηa :
Ta :

Maurer-Cartan forms

Generators of Lie Algebra

MC equations: dηa = −fa
bcη

b ∧ ηc
9

the internal space, keeping only the zero modes (which
we have been calling “moduli”). This procedure is only
consistent if there exists a hierarchy of mass scales be-
tween the KK modes and the zero modes. If no hier-
archy exists then the KK modes can contribute to the
dynamics of the low energy theory and the simple dimen-
sional reduction to the zero modes is not a good effective
theory. For example, in IIB flux compactifications on
Calabi-Yau spaces the backreaction of the fluxes gener-
ate warping factors in the 10-dimensional metric, and in
regions of strong warping there is generically no separa-
tion of scales between the moduli and the KK modes so
one cannot consistently truncate the effective theory to
the zero modes. Further, the warping ends up modifying
the dimensional reduction procedure and affects the low
energy effective theory and cannot be ignored [34, 35, 36].

It is straightforward to compare the typical KK mode
mass mKK ∼ 1/ρdS ∼ 1.53 × 10−4 to the eigenvalues
of the 4 × 4 mass matrix of the canonical moduli; we
see that there is a clear separation of scales between the
KK modes and the moduli, so our truncation of the KK
modes is well-justified.

Second, we note that (ignoring the orientifold for now)
dimensional reduction upon twisted tori with fluxes in
the η cohomology is a consistent dimensional reduction
in the sense that the 10-dimensional equations of motion
reduce simply to 4-dimensional equations of motion plus
tadpole conditions, without any backreaction on the in-
ternal metric [37, 38].

IV. GENERALISED METRIC FLUX

While we studied the ISO(1, 1) metric twist sofar, one
can extend the analysis to a number of different metric
twists. In fact, for metric twists which are a product of
two twisted 3-tori G3 × G3 as considered in this paper,
all 3-dimensional Lie algebras were classified by Bianchi
so it is possible to exhaust all possibilities (including
the Nil-manifold considered in [10]). One challenge with
other types of twists is that additional ingredients, such
as fractional Wilson lines, KK 5-branes, and NS5-branes
may be needed in order to stabilize all moduli or create
a sufficient separation of scales [10].

Let us now briefly consider the classification of twisted
tori of the form G3 × G3.

Given a parametrization of a Lie group G we can define
the Maurer-Cartan forms via

g−1dg = ηaTa , (69)

where the Ta are the generators of the Lie algebra G

associated to the Lie group G. Clearly d(g−1dg) =
−g−1dg ∧ g−1dg and hence we can read of the Maurer-
Cartan equations

dηa = −fa
bcη

b ∧ ηc , (70)

Bianchi type Algebra (q1, q2, q3)
I U(1)3 (0, 0, 0)
II Heis3 (0, 0, Q1)

V I0 ISO(1,1) (0,−Q1, Q2)
V II0 ISO(2) (0, Q1, Q2)
V III SO(2,1) (Q1,−Q2, Q3)
IX SO(3) (Q1, Q2, Q3)

TABLE I: The different class A 3D Lie groups. The Qi rep-
resent the metric flux and are all positive numbers.

where fa
bc are the structure constants of G. The metric

on the Lie group is then defined via

ds2 = Mabη
a ⊗ ηb , (71)

where M is any symmetric non-singular matrix. Since
the ηa are left invariant (under g → Ωg) this metric has
a left acting isometry group GL. If M coincides with
the Cartan–Killing metric we also have a right acting
isometry such that in total we have GL × GR.

For a clear discussion on the classification of 3-
dimensional groups and the applications thereof in di-
mensional reduction of supergravity theories we refer the
reader to [28]. The three-dimensional groups divide in
two classes: class A and class B according to following
property of the Lie algebra

class A : fn
nm = 0 , class B : fn

nm '= 0 . (72)

It can be shown that reduction of the action on class
B groups is inconsistent. Instead one has to reduce the
equations of motion and the result is that one obtains
unusual theories with the property that they do not al-
low a Lagrangian description, there are only equations of
motion [28]. A reason for this is that class B spaces are
not orientable and one cannot integrate over them.

The class A Lie algebras are taken from [28] and pre-
sented in table I. The Q’s denote the metric flux through
the following relation

fa
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Appendix A contains a discussion on the details of the
geometry and the topology of these twisted tori.

It is straightforward to perform a search for de Sitter
vacua similar to the one above in each of these examples.
Recall that in order to uplift to de Sitter solutions the
contribution to the potential energy from the curvature
Vmetric of the internal manifold must be positive, which
implies that the curvature of the manifold must be nega-
tive. Starting from the bottom of the list in Table I, the
SO(2, 1), and SO(3) groups do not allow stable de Sitter
vacua because the curvature for these spaces is not nega-
tive definite, so the stabilized curvature cannot uplift the
AdS vacuum. The ISO(2) group manifold, with negative
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the internal space, keeping only the zero modes (which
we have been calling “moduli”). This procedure is only
consistent if there exists a hierarchy of mass scales be-
tween the KK modes and the zero modes. If no hier-
archy exists then the KK modes can contribute to the
dynamics of the low energy theory and the simple dimen-
sional reduction to the zero modes is not a good effective
theory. For example, in IIB flux compactifications on
Calabi-Yau spaces the backreaction of the fluxes gener-
ate warping factors in the 10-dimensional metric, and in
regions of strong warping there is generically no separa-
tion of scales between the moduli and the KK modes so
one cannot consistently truncate the effective theory to
the zero modes. Further, the warping ends up modifying
the dimensional reduction procedure and affects the low
energy effective theory and cannot be ignored [34, 35, 36].

It is straightforward to compare the typical KK mode
mass mKK ∼ 1/ρdS ∼ 1.53 × 10−4 to the eigenvalues
of the 4 × 4 mass matrix of the canonical moduli; we
see that there is a clear separation of scales between the
KK modes and the moduli, so our truncation of the KK
modes is well-justified.

Second, we note that (ignoring the orientifold for now)
dimensional reduction upon twisted tori with fluxes in
the η cohomology is a consistent dimensional reduction
in the sense that the 10-dimensional equations of motion
reduce simply to 4-dimensional equations of motion plus
tadpole conditions, without any backreaction on the in-
ternal metric [37, 38].

IV. GENERALISED METRIC FLUX

While we studied the ISO(1, 1) metric twist sofar, one
can extend the analysis to a number of different metric
twists. In fact, for metric twists which are a product of
two twisted 3-tori G3 × G3 as considered in this paper,
all 3-dimensional Lie algebras were classified by Bianchi
so it is possible to exhaust all possibilities (including
the Nil-manifold considered in [10]). One challenge with
other types of twists is that additional ingredients, such
as fractional Wilson lines, KK 5-branes, and NS5-branes
may be needed in order to stabilize all moduli or create
a sufficient separation of scales [10].

Let us now briefly consider the classification of twisted
tori of the form G3 × G3.

Given a parametrization of a Lie group G we can define
the Maurer-Cartan forms via

g−1dg = ηaTa , (69)

where the Ta are the generators of the Lie algebra G

associated to the Lie group G. Clearly d(g−1dg) =
−g−1dg ∧ g−1dg and hence we can read of the Maurer-
Cartan equations

dηa = −fa
bcη

b ∧ ηc , (70)

Bianchi type Algebra (q1, q2, q3)
I U(1)3 (0, 0, 0)
II Heis3 (0, 0, Q1)

V I0 ISO(1,1) (0,−Q1, Q2)
V II0 ISO(2) (0, Q1, Q2)
V III SO(2,1) (Q1,−Q2, Q3)
IX SO(3) (Q1, Q2, Q3)

TABLE I: The different class A 3D Lie groups. The Qi rep-
resent the metric flux and are all positive numbers.

where fa
bc are the structure constants of G. The metric

on the Lie group is then defined via

ds2 = Mabη
a ⊗ ηb , (71)

where M is any symmetric non-singular matrix. Since
the ηa are left invariant (under g → Ωg) this metric has
a left acting isometry group GL. If M coincides with
the Cartan–Killing metric we also have a right acting
isometry such that in total we have GL × GR.

For a clear discussion on the classification of 3-
dimensional groups and the applications thereof in di-
mensional reduction of supergravity theories we refer the
reader to [28]. The three-dimensional groups divide in
two classes: class A and class B according to following
property of the Lie algebra

class A : fn
nm = 0 , class B : fn

nm '= 0 . (72)

It can be shown that reduction of the action on class
B groups is inconsistent. Instead one has to reduce the
equations of motion and the result is that one obtains
unusual theories with the property that they do not al-
low a Lagrangian description, there are only equations of
motion [28]. A reason for this is that class B spaces are
not orientable and one cannot integrate over them.

The class A Lie algebras are taken from [28] and pre-
sented in table I. The Q’s denote the metric flux through
the following relation

fa
bc = εbcdQ

ad, Q =




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Appendix A contains a discussion on the details of the
geometry and the topology of these twisted tori.

It is straightforward to perform a search for de Sitter
vacua similar to the one above in each of these examples.
Recall that in order to uplift to de Sitter solutions the
contribution to the potential energy from the curvature
Vmetric of the internal manifold must be positive, which
implies that the curvature of the manifold must be nega-
tive. Starting from the bottom of the list in Table I, the
SO(2, 1), and SO(3) groups do not allow stable de Sitter
vacua because the curvature for these spaces is not nega-
tive definite, so the stabilized curvature cannot uplift the
AdS vacuum. The ISO(2) group manifold, with negative
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the internal space, keeping only the zero modes (which
we have been calling “moduli”). This procedure is only
consistent if there exists a hierarchy of mass scales be-
tween the KK modes and the zero modes. If no hier-
archy exists then the KK modes can contribute to the
dynamics of the low energy theory and the simple dimen-
sional reduction to the zero modes is not a good effective
theory. For example, in IIB flux compactifications on
Calabi-Yau spaces the backreaction of the fluxes gener-
ate warping factors in the 10-dimensional metric, and in
regions of strong warping there is generically no separa-
tion of scales between the moduli and the KK modes so
one cannot consistently truncate the effective theory to
the zero modes. Further, the warping ends up modifying
the dimensional reduction procedure and affects the low
energy effective theory and cannot be ignored [34, 35, 36].

It is straightforward to compare the typical KK mode
mass mKK ∼ 1/ρdS ∼ 1.53 × 10−4 to the eigenvalues
of the 4 × 4 mass matrix of the canonical moduli; we
see that there is a clear separation of scales between the
KK modes and the moduli, so our truncation of the KK
modes is well-justified.

Second, we note that (ignoring the orientifold for now)
dimensional reduction upon twisted tori with fluxes in
the η cohomology is a consistent dimensional reduction
in the sense that the 10-dimensional equations of motion
reduce simply to 4-dimensional equations of motion plus
tadpole conditions, without any backreaction on the in-
ternal metric [37, 38].

IV. GENERALISED METRIC FLUX

While we studied the ISO(1, 1) metric twist sofar, one
can extend the analysis to a number of different metric
twists. In fact, for metric twists which are a product of
two twisted 3-tori G3 × G3 as considered in this paper,
all 3-dimensional Lie algebras were classified by Bianchi
so it is possible to exhaust all possibilities (including
the Nil-manifold considered in [10]). One challenge with
other types of twists is that additional ingredients, such
as fractional Wilson lines, KK 5-branes, and NS5-branes
may be needed in order to stabilize all moduli or create
a sufficient separation of scales [10].

Let us now briefly consider the classification of twisted
tori of the form G3 × G3.

Given a parametrization of a Lie group G we can define
the Maurer-Cartan forms via

g−1dg = ηaTa , (69)

where the Ta are the generators of the Lie algebra G

associated to the Lie group G. Clearly d(g−1dg) =
−g−1dg ∧ g−1dg and hence we can read of the Maurer-
Cartan equations

dηa = −fa
bcη

b ∧ ηc , (70)

Bianchi type Algebra (q1, q2, q3)
I U(1)3 (0, 0, 0)
II Heis3 (0, 0, Q1)

V I0 ISO(1,1) (0,−Q1, Q2)
V II0 ISO(2) (0, Q1, Q2)
V III SO(2,1) (Q1,−Q2, Q3)
IX SO(3) (Q1, Q2, Q3)

TABLE I: The different class A 3D Lie groups. The Qi rep-
resent the metric flux and are all positive numbers.

where fa
bc are the structure constants of G. The metric

on the Lie group is then defined via

ds2 = Mabη
a ⊗ ηb , (71)

where M is any symmetric non-singular matrix. Since
the ηa are left invariant (under g → Ωg) this metric has
a left acting isometry group GL. If M coincides with
the Cartan–Killing metric we also have a right acting
isometry such that in total we have GL × GR.

For a clear discussion on the classification of 3-
dimensional groups and the applications thereof in di-
mensional reduction of supergravity theories we refer the
reader to [28]. The three-dimensional groups divide in
two classes: class A and class B according to following
property of the Lie algebra

class A : fn
nm = 0 , class B : fn

nm '= 0 . (72)

It can be shown that reduction of the action on class
B groups is inconsistent. Instead one has to reduce the
equations of motion and the result is that one obtains
unusual theories with the property that they do not al-
low a Lagrangian description, there are only equations of
motion [28]. A reason for this is that class B spaces are
not orientable and one cannot integrate over them.

The class A Lie algebras are taken from [28] and pre-
sented in table I. The Q’s denote the metric flux through
the following relation

fa
bc = εbcdQ

ad, Q =




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q3


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Appendix A contains a discussion on the details of the
geometry and the topology of these twisted tori.

It is straightforward to perform a search for de Sitter
vacua similar to the one above in each of these examples.
Recall that in order to uplift to de Sitter solutions the
contribution to the potential energy from the curvature
Vmetric of the internal manifold must be positive, which
implies that the curvature of the manifold must be nega-
tive. Starting from the bottom of the list in Table I, the
SO(2, 1), and SO(3) groups do not allow stable de Sitter
vacua because the curvature for these spaces is not nega-
tive definite, so the stabilized curvature cannot uplift the
AdS vacuum. The ISO(2) group manifold, with negative
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the internal space, keeping only the zero modes (which
we have been calling “moduli”). This procedure is only
consistent if there exists a hierarchy of mass scales be-
tween the KK modes and the zero modes. If no hier-
archy exists then the KK modes can contribute to the
dynamics of the low energy theory and the simple dimen-
sional reduction to the zero modes is not a good effective
theory. For example, in IIB flux compactifications on
Calabi-Yau spaces the backreaction of the fluxes gener-
ate warping factors in the 10-dimensional metric, and in
regions of strong warping there is generically no separa-
tion of scales between the moduli and the KK modes so
one cannot consistently truncate the effective theory to
the zero modes. Further, the warping ends up modifying
the dimensional reduction procedure and affects the low
energy effective theory and cannot be ignored [34, 35, 36].

It is straightforward to compare the typical KK mode
mass mKK ∼ 1/ρdS ∼ 1.53 × 10−4 to the eigenvalues
of the 4 × 4 mass matrix of the canonical moduli; we
see that there is a clear separation of scales between the
KK modes and the moduli, so our truncation of the KK
modes is well-justified.

Second, we note that (ignoring the orientifold for now)
dimensional reduction upon twisted tori with fluxes in
the η cohomology is a consistent dimensional reduction
in the sense that the 10-dimensional equations of motion
reduce simply to 4-dimensional equations of motion plus
tadpole conditions, without any backreaction on the in-
ternal metric [37, 38].

IV. GENERALISED METRIC FLUX

While we studied the ISO(1, 1) metric twist sofar, one
can extend the analysis to a number of different metric
twists. In fact, for metric twists which are a product of
two twisted 3-tori G3 × G3 as considered in this paper,
all 3-dimensional Lie algebras were classified by Bianchi
so it is possible to exhaust all possibilities (including
the Nil-manifold considered in [10]). One challenge with
other types of twists is that additional ingredients, such
as fractional Wilson lines, KK 5-branes, and NS5-branes
may be needed in order to stabilize all moduli or create
a sufficient separation of scales [10].

Let us now briefly consider the classification of twisted
tori of the form G3 × G3.

Given a parametrization of a Lie group G we can define
the Maurer-Cartan forms via

g−1dg = ηaTa , (69)

where the Ta are the generators of the Lie algebra G

associated to the Lie group G. Clearly d(g−1dg) =
−g−1dg ∧ g−1dg and hence we can read of the Maurer-
Cartan equations

dηa = −fa
bcη

b ∧ ηc , (70)

Bianchi type Algebra (q1, q2, q3)
I U(1)3 (0, 0, 0)
II Heis3 (0, 0, Q1)

V I0 ISO(1,1) (0,−Q1, Q2)
V II0 ISO(2) (0, Q1, Q2)
V III SO(2,1) (Q1,−Q2, Q3)
IX SO(3) (Q1, Q2, Q3)

TABLE I: The different class A 3D Lie groups. The Qi rep-
resent the metric flux and are all positive numbers.

where fa
bc are the structure constants of G. The metric

on the Lie group is then defined via

ds2 = Mabη
a ⊗ ηb , (71)

where M is any symmetric non-singular matrix. Since
the ηa are left invariant (under g → Ωg) this metric has
a left acting isometry group GL. If M coincides with
the Cartan–Killing metric we also have a right acting
isometry such that in total we have GL × GR.

For a clear discussion on the classification of 3-
dimensional groups and the applications thereof in di-
mensional reduction of supergravity theories we refer the
reader to [28]. The three-dimensional groups divide in
two classes: class A and class B according to following
property of the Lie algebra

class A : fn
nm = 0 , class B : fn

nm '= 0 . (72)

It can be shown that reduction of the action on class
B groups is inconsistent. Instead one has to reduce the
equations of motion and the result is that one obtains
unusual theories with the property that they do not al-
low a Lagrangian description, there are only equations of
motion [28]. A reason for this is that class B spaces are
not orientable and one cannot integrate over them.

The class A Lie algebras are taken from [28] and pre-
sented in table I. The Q’s denote the metric flux through
the following relation

fa
bc = εbcdQ

ad, Q =




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
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Appendix A contains a discussion on the details of the
geometry and the topology of these twisted tori.

It is straightforward to perform a search for de Sitter
vacua similar to the one above in each of these examples.
Recall that in order to uplift to de Sitter solutions the
contribution to the potential energy from the curvature
Vmetric of the internal manifold must be positive, which
implies that the curvature of the manifold must be nega-
tive. Starting from the bottom of the list in Table I, the
SO(2, 1), and SO(3) groups do not allow stable de Sitter
vacua because the curvature for these spaces is not nega-
tive definite, so the stabilized curvature cannot uplift the
AdS vacuum. The ISO(2) group manifold, with negative
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the internal space, keeping only the zero modes (which
we have been calling “moduli”). This procedure is only
consistent if there exists a hierarchy of mass scales be-
tween the KK modes and the zero modes. If no hier-
archy exists then the KK modes can contribute to the
dynamics of the low energy theory and the simple dimen-
sional reduction to the zero modes is not a good effective
theory. For example, in IIB flux compactifications on
Calabi-Yau spaces the backreaction of the fluxes gener-
ate warping factors in the 10-dimensional metric, and in
regions of strong warping there is generically no separa-
tion of scales between the moduli and the KK modes so
one cannot consistently truncate the effective theory to
the zero modes. Further, the warping ends up modifying
the dimensional reduction procedure and affects the low
energy effective theory and cannot be ignored [34, 35, 36].

It is straightforward to compare the typical KK mode
mass mKK ∼ 1/ρdS ∼ 1.53 × 10−4 to the eigenvalues
of the 4 × 4 mass matrix of the canonical moduli; we
see that there is a clear separation of scales between the
KK modes and the moduli, so our truncation of the KK
modes is well-justified.

Second, we note that (ignoring the orientifold for now)
dimensional reduction upon twisted tori with fluxes in
the η cohomology is a consistent dimensional reduction
in the sense that the 10-dimensional equations of motion
reduce simply to 4-dimensional equations of motion plus
tadpole conditions, without any backreaction on the in-
ternal metric [37, 38].

IV. GENERALISED METRIC FLUX

While we studied the ISO(1, 1) metric twist sofar, one
can extend the analysis to a number of different metric
twists. In fact, for metric twists which are a product of
two twisted 3-tori G3 × G3 as considered in this paper,
all 3-dimensional Lie algebras were classified by Bianchi
so it is possible to exhaust all possibilities (including
the Nil-manifold considered in [10]). One challenge with
other types of twists is that additional ingredients, such
as fractional Wilson lines, KK 5-branes, and NS5-branes
may be needed in order to stabilize all moduli or create
a sufficient separation of scales [10].

Let us now briefly consider the classification of twisted
tori of the form G3 × G3.

Given a parametrization of a Lie group G we can define
the Maurer-Cartan forms via

g−1dg = ηaTa , (69)

where the Ta are the generators of the Lie algebra G

associated to the Lie group G. Clearly d(g−1dg) =
−g−1dg ∧ g−1dg and hence we can read of the Maurer-
Cartan equations

dηa = −fa
bcη

b ∧ ηc , (70)

Bianchi type Algebra (q1, q2, q3)
I U(1)3 (0, 0, 0)
II Heis3 (0, 0, Q1)

V I0 ISO(1,1) (0,−Q1, Q2)
V II0 ISO(2) (0, Q1, Q2)
V III SO(2,1) (Q1,−Q2, Q3)
IX SO(3) (Q1, Q2, Q3)

TABLE I: The different class A 3D Lie groups. The Qi rep-
resent the metric flux and are all positive numbers.

where fa
bc are the structure constants of G. The metric

on the Lie group is then defined via

ds2 = Mabη
a ⊗ ηb , (71)

where M is any symmetric non-singular matrix. Since
the ηa are left invariant (under g → Ωg) this metric has
a left acting isometry group GL. If M coincides with
the Cartan–Killing metric we also have a right acting
isometry such that in total we have GL × GR.

For a clear discussion on the classification of 3-
dimensional groups and the applications thereof in di-
mensional reduction of supergravity theories we refer the
reader to [28]. The three-dimensional groups divide in
two classes: class A and class B according to following
property of the Lie algebra

class A : fn
nm = 0 , class B : fn

nm '= 0 . (72)

It can be shown that reduction of the action on class
B groups is inconsistent. Instead one has to reduce the
equations of motion and the result is that one obtains
unusual theories with the property that they do not al-
low a Lagrangian description, there are only equations of
motion [28]. A reason for this is that class B spaces are
not orientable and one cannot integrate over them.

The class A Lie algebras are taken from [28] and pre-
sented in table I. The Q’s denote the metric flux through
the following relation

fa
bc = εbcdQ

ad, Q =





q1

q2

q3



 . (73)

Appendix A contains a discussion on the details of the
geometry and the topology of these twisted tori.

It is straightforward to perform a search for de Sitter
vacua similar to the one above in each of these examples.
Recall that in order to uplift to de Sitter solutions the
contribution to the potential energy from the curvature
Vmetric of the internal manifold must be positive, which
implies that the curvature of the manifold must be nega-
tive. Starting from the bottom of the list in Table I, the
SO(2, 1), and SO(3) groups do not allow stable de Sitter
vacua because the curvature for these spaces is not nega-
tive definite, so the stabilized curvature cannot uplift the
AdS vacuum. The ISO(2) group manifold, with negative

Negative curvature

Solmanifold



Vmetric =
(

α′2

2κ2
10

)
V ol6ρ

−1τ−2C̃f (M)

Metric flux contribution to 4D potential:

Mab =
(

M3 Maã

Maã M3
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Comments

• Minimal ingredients to construct simple dS vacua. 
Parametrically weak coupling/large volume solutions 
require more “knobs”.

• Minimal dS vacua can in principle be constructed as 
spontaneously SUSY vacua of gauged SUGRA:

• Dark Energy + Inflation + Standard Model

100 150 200 250 Σ

-2

-1

1

2

V

KKLT

H ! m3/2

Kallosh, Linde







The Ubiquitous Throat

5
UV

AdS
IR

RS/Technicolor/
SUSY mediation

Moduli 
stabilization/

KKLT

Gauge/gravity 
correspondence

Inflation



Warped EFT
Understanding warped dynamics is essential for 
drawing precise predictions in such string theory 
models of particle physics & inflation.

Closed string sector: Many subtle issues with strong 
warping such as compensators, gauge redundancies 
and constraints, backreaction, separation of scales, ...

Open string sector (Standard Model): wavefunctions 
in warped backgrounds are prequisites for 
extracting Kahler potential, Yukawa couplings and 
flavor, SUSY mediation, technicolor model building, ...

GS, Torroba, Underwood, Douglas (STUD)

Marchesano, McGuirk, GS
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Warped Kahler Potential

• The warping corrected Kahler potential for the 
complex moduli sector was conjectured to be:

suggested by the fact that

• For the warped deformed conifold:

K = – log
(∫

e−4AΩ ∧ Ω
)
⇒ Gαβ = − 1

VW

∫
e−4Aχα ∧ χβ

DeWolfe-Giddings

VCY =
∫

d6y
√

g6 → VW =
∫

d6y
√

g̃6e−4A(y)

GSS = −∂S∂SK = 1
VW

[
c log Λ3

0
|S| + c′ (gsNα′)2

|S|4/3

]

Douglas, Shelton, Torroba



Warped Kahler Potential
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Figure 1: Behavior of the potential (4.18), with (full line) and without (dashed
line) warping effects. The point S = 1 is the supersymmetric vacuum, while the
non-supersymmetric critical point is the maximum in the warped potential. The
unwarped potential has a non-supersymmetric minimum at the same S but large
(off-scale) V , separated from the S ∼ 1 region by a 1/ log divergence.

detail, we have to consider what happens for S → 0. In this case, the gs

correction of (4.18) is important, showing that the system becomes unstable.
Clearly, the supergravity solution is singular at S = 0. For which range

of small (but finite) S can we trust the supergravity analysis? To answer this
we need to study the curvature of the background. We consider the ‘near
horizon’ limit τ → 0, where the largest curvatures may be generated; strong
warping implies the boundary condition e−4A(τ) → 0 as τ → ∞, which is
exactly the KS end of the cascade. In this case, the metric for the warped-
deformed conifold

ds2
10 = e2A(τ)ηµνdxµdxν + e−2A(τ) ds2

6

with ds2
6 given in (4.4), becomes

ds2
10 ≈

1

21/3a1/2
0

|S|2/3

α′(gsNβNS)1/2
ηµνdxµdxν+

+
a1/2

0

61/3
α′(gsNβNS)1/2

[dτ 2

2
+ dΩ2

2 + dΩ2
3

]

. (4.19)

Here we used the fact that for τ → 0, the function I(τ) introduced in (4.8)
behaves as I(τ → 0) → a0 ∼ 0.7180 [24]. Furthermore, we included explicitly

19

Warping corrections change qualitatively the
 moduli (and hierarchy) stabilization potential:

c.f. inflaton potential,  Yukawa couplings, soft terms, etc.
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with fluxes
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Many subtleties with warped KK reduction:

• General KK ansatz (compensators)

• Mixing/sourcing of KK modes with moduli

• Backreaction of moduli on warp factor

• 10D Gauge redundancies

• 10D Constraint equations

In warped backgrounds these issues 
are all highly coupled to each other!
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Warped Kahler Potential
Previous proposal: (DeWolfe, Giddings)

did not account for all these subtle issues with warping.

Ansatz for fluctuations:

... does not solve 10D EOM!

(DeWolfe, Giddings)

Giddings, Maharana; STUD

More general ansatz does, but extremely messy ...

K = – log
(∫

e−4AΩ ∧ Ω
)
⇒ Gαβ = − 1

VW

∫
e−4Aχα ∧ χβ

here. To cancel them, in principle we have to include additional fields in the
metric [3]:

ds2
10 → ds2

10 + 2∂µ∂νS
αe2AKα(y)dxµdxν + 2e2ABαm(y)∂µS

αdxµdym . (3.3)

From the (µν) Einstein equation, the compensators have to satisfy [3]

∇̃m(Bαm − ∂mKα) = δαe−4A +
1

2
e−4Ag̃mnδαg̃mn . (3.4)

This implies that the vanishing of K and B is not consistent with the trans-
verse gauge δg̃ = 0.

In keeping with our previous approach, we will chose the ‘compensator
gauge’

Kα = Bα = 0 (3.5)

and then take into account that a metric perturbation ∂αg̃mn will have a
nontrivial trace part given by

δαA =
1

8
δαg̃ . (3.6)

A different gauge choice would give a metric (3.3) which is not block diagonal,
obscuring considerably the subsequent analysis.

It is interesting to note that, even if the compensators do not vanish,
integrating on both sides of (3.4) implies that the warped volume, defined as

VW :=

∫
d6y

√
g̃6 e−4A (3.7)

satisfies ∂αVW = 0 as one would naively expect. However, in the next sub-
section it will be shown that ∂α∂β̄VW $= 0.

3.2 Computation of the field space metric

The outcome of the previous subsection is that all the compensators may
be taken to vanish. The only terms contributing to the moduli space metric
then come from taking a metric fluctuation and isolating the quadratic piece
in

∫
R.

The presence of a nontrivial warp factor makes this derivation quite in-
volved. In [2] the authors considered a variation δg̃mn, but set δA = 0 and
ignored the compensator contributions. As we just saw, this is not consis-
tent with the vanishing of the compensators, and we are forced to include

7



Linearized Einstein Equations
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From these, it is easy to deduce the perturbation in the Einstein tensor:
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These will be used in the perturbed Einstein equations in section A.5.

A.2. Perturbations of G3

In the warped compactifications of [1], fluctuations of the metric also couple to fluc-

tuations of the three- and five-form NS-NS and Ramond-Ramond fields. We first consider

the three-form case.

With

G3 = F3 − τH3 = dC2 − τdB2 , (A.17)

we find

δG3 = dδC2 − τdδB2 − δτH3, (A.18)

The general form for δC2, δB2 (without exciting “model independent” axions) is then

δC2 = uIδIC2 + duI ∧ TI

δB2 = uIδIB2 + duI ∧ RI ,
(A.19)

where δIC2, δIB2 correspond to the static variations of the potential and TI and RI are

compensators for the three forms. From this we find

δG3 = d
[
uI (δIC2 − dTI)

]
− τd

[
uI (δIB2 − dRI)

]
− δτH3 . (A.20)

The compensators TI , RI are determined by the three-form equations of motion.
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BI , KI , which are determined by the Einstein equations, eq. (A.35) determines the five-

form compensator SI and the perturbation δIα. A useful equation for determining δIα

in the limit when the compensators can be neglected arises from the derivative of (A.35),

which gives

uIδI

(
∇̃2α − 2e−4A∇̃me4A∇̃mα

)
− uIe8A∇̃m

[
e−8A (SIm + KI∂mα)

]

= uIδI

(

ie8A Gmnp∗̃Ḡm̃np

12Imτ
+ 2κ2

10e
2AT3ρ

loc
3

)

.
(A.36)

Energy-momentum tensor

In preparation for solving Einstein’s equations, we need the energy-momentum tensor

for the perturbation (A.28); again, for the solutions of interest, we neglect axionic excita-

tions and set w(2)
I = w(4)

I = S(3)
I = 0. The perturbation in the energy momentum tensor

is given by

δTµ
ν = −δµ

ν
1

4κ2
10

{
uIδI

[
e−6A(∇̃α)2

]
− 2e−6A uISIm∂m̃α − 2 uIKIe

−6A(∇̃α)2
}

,

(A.37)

δTµ
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1

2κ2
10

∂µuIe−6A [∂mSIp − ∂pSIm + ∂mαBIp − ∂pαBIm] ∂p̃α , (A.38)

and
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]}
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(A.39)

A.4. Perturbations of τ

Before introduction of three-form flux there are also massless perturbations of the

complex field τ , defined in (2.2); introduction of flux then makes these massive. The τ

equation of motion follows from (2.1) and takes the form

∇M∇Mτ =
∂Mτ∂Mτ

iImτ
−

i

12
G3 · G3 . (A.40)

The linearization of this is

e−2A uIδIτ + e2AuI∇̃2δIτ = −
i

6
uIδI

(
e6AG+ ·̃G−)

(A.41)

where G± are defined in eq. (5.33). In the orientifold case where the background τ is

constant, the linearized stress tensor due to τ vanishes.
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Before introduction of three-form flux there are also massless perturbations of the

complex field τ , defined in (2.2); introduction of flux then makes these massive. The τ

equation of motion follows from (2.1) and takes the form
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Gauge Invariance & Compensators
Previous proposal: (DeWolfe, Giddings)

is not diffeomorphism invariant:

This turns out to be equivalent to the failure of the 
metric ansatz in solving the EOM. 

K = – log
(∫

e−4AΩ ∧ Ω
)
⇒ Gαβ = − 1

VW

∫
e−4Aχα ∧ χβ

here. To cancel them, in principle we have to include additional fields in the
metric [3]:

ds2
10 → ds2

10 + 2∂µ∂νS
αe2AKα(y)dxµdxν + 2e2ABαm(y)∂µS

αdxµdym . (3.3)

From the (µν) Einstein equation, the compensators have to satisfy [3]

∇̃m(Bαm − ∂mKα) = δαe−4A +
1

2
e−4Ag̃mnδαg̃mn . (3.4)

This implies that the vanishing of K and B is not consistent with the trans-
verse gauge δg̃ = 0.

In keeping with our previous approach, we will chose the ‘compensator
gauge’

Kα = Bα = 0 (3.5)

and then take into account that a metric perturbation ∂αg̃mn will have a
nontrivial trace part given by

δαA =
1

8
δαg̃ . (3.6)

A different gauge choice would give a metric (3.3) which is not block diagonal,
obscuring considerably the subsequent analysis.

It is interesting to note that, even if the compensators do not vanish,
integrating on both sides of (3.4) implies that the warped volume, defined as

VW :=

∫
d6y

√
g̃6 e−4A (3.7)

satisfies ∂αVW = 0 as one would naively expect. However, in the next sub-
section it will be shown that ∂α∂β̄VW $= 0.

3.2 Computation of the field space metric

The outcome of the previous subsection is that all the compensators may
be taken to vanish. The only terms contributing to the moduli space metric
then come from taking a metric fluctuation and isolating the quadratic piece
in

∫
R.

The presence of a nontrivial warp factor makes this derivation quite in-
volved. In [2] the authors considered a variation δg̃mn, but set δA = 0 and
ignored the compensator contributions. As we just saw, this is not consis-
tent with the vanishing of the compensators, and we are forced to include

7

χ→ χ + dα

Need extra terms proportional to ∂µSα

metric compensators
(Analogously, also

flux compensators)



Compensators in E&M

Consider a U(1) gauge field:

S = −1
4

∫
d10x

√
g10F

MNFMN

and a family of solutions to DMFMN = 0

parametrized by moduli     : AM = (Aµ = 0, Ai(y;u))uI

Promoting                 , the kinetic terms give:uI → uI(x)

on X, parameterized by coordinates uI . For example, if X is a torus, every flat connection
is a solution, and the uI might be the holonomy associated to a basis of H1(X, Z).

We take as the ten-dimensional action

S = . . . − 1

4

∫

d4x
√

g4

∫

d6y
√

g6g
MNgPQFMP FNQ. (3)

Naively we then set Aµ = 0 and write

Fµi = ∂µAi(y; u(x)) − ∂iAµ(y; u(x)) =
∂Ai

∂uI
∂µu

I ,

and substitute this into the action, to obtain Eq. (2) with

GIJ =

∫

d6y
√

g6g
ij ∂Ai

∂uI

∂Aj

∂uJ
. (4)

However, on reflection, there must be a subtlety in this procedure. In defining our moduli
space of solutions Ai(y; u), nowhere did we specify a gauge for Ai. Two solutions which are
related by gauge transformations on X,

δAi = ∂iε,

are equally good from the point of view of X. On the other hand, the expression Eq. (4)
is not gauge invariant, so the kinetic terms will depend on which of the gauge equivalent
solutions we take. Since Eq. (3) was gauge invariant in ten dimensions, we must have made
an error.

The error was the assumption that Aµ = 0 for all of these solutions. Let us look at the
ten dimensional equations of motion. These can be written as

0 = DµFµν + DiFiν ; 0 = DµFµj + DiFij. (5)

We substitute the ansatz Ai(y; u(x)) and require that there is no four-dimensional gauge
field, Fµν = 0. This sets

Aµ(x, y) = Ω(y)∂µf(x)

where Ω(y) and f(x) are still undetermined functions.
To find Aµ, we use the first equation of motion, which becomes 0 = ∂iFiν , i.e.

∂i∂νAi = ∂i∂iAν . (6)

In general, the left hand side is nonzero, so we will have Aν #= 0. However a simple way to
make the left hand side zero is to require

0 = ∂i ∂Ai

∂uI
, (7)

4

GIJ =
∫

d6y
√

g6g
ij ∂Ai

∂ui

∂Aj

∂uJ

not gauge invariant under δAi = ∂iε



Compensators in E&M

on X, parameterized by coordinates uI . For example, if X is a torus, every flat connection
is a solution, and the uI might be the holonomy associated to a basis of H1(X, Z).
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However, on reflection, there must be a subtlety in this procedure. In defining our moduli
space of solutions Ai(y; u), nowhere did we specify a gauge for Ai. Two solutions which are
related by gauge transformations on X,

δAi = ∂iε,

are equally good from the point of view of X. On the other hand, the expression Eq. (4)
is not gauge invariant, so the kinetic terms will depend on which of the gauge equivalent
solutions we take. Since Eq. (3) was gauge invariant in ten dimensions, we must have made
an error.

The error was the assumption that Aµ = 0 for all of these solutions. Let us look at the
ten dimensional equations of motion. These can be written as

0 = DµFµν + DiFiν ; 0 = DµFµj + DiFij. (5)

We substitute the ansatz Ai(y; u(x)) and require that there is no four-dimensional gauge
field, Fµν = 0. This sets

Aµ(x, y) = Ω(y)∂µf(x)

where Ω(y) and f(x) are still undetermined functions.
To find Aµ, we use the first equation of motion, which becomes 0 = ∂iFiν , i.e.

∂i∂νAi = ∂i∂iAν . (6)

In general, the left hand side is nonzero, so we will have Aν #= 0. However a simple way to
make the left hand side zero is to require

0 = ∂i ∂Ai

∂uI
, (7)

4

The error is in assuming that: Aµ = 0

still holds for time-dependent moduli. 

This is incorrect because the 10D EOM:

DMFMµ = 0⇒ ∂µ∂iAi = ∂i∂iAµ

∂µAi != 0 , Aµ = 0cannot be solved by:

Instead, the time-dependence forces a non-zero:

ΩI : compensator field

Constraint equations:
no second order 
time derivatives

Aµ = ΩI∂µuI , ∂i∂iΩI = ∂i ∂Ai

∂uI



Compensators in E&M

on X, parameterized by coordinates uI . For example, if X is a torus, every flat connection
is a solution, and the uI might be the holonomy associated to a basis of H1(X, Z).

We take as the ten-dimensional action

S = . . . − 1

4

∫

d4x
√

g4

∫

d6y
√

g6g
MNgPQFMP FNQ. (3)

Naively we then set Aµ = 0 and write

Fµi = ∂µAi(y; u(x)) − ∂iAµ(y; u(x)) =
∂Ai

∂uI
∂µu

I ,

and substitute this into the action, to obtain Eq. (2) with

GIJ =

∫

d6y
√

g6g
ij ∂Ai

∂uI

∂Aj

∂uJ
. (4)

However, on reflection, there must be a subtlety in this procedure. In defining our moduli
space of solutions Ai(y; u), nowhere did we specify a gauge for Ai. Two solutions which are
related by gauge transformations on X,
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are equally good from the point of view of X. On the other hand, the expression Eq. (4)
is not gauge invariant, so the kinetic terms will depend on which of the gauge equivalent
solutions we take. Since Eq. (3) was gauge invariant in ten dimensions, we must have made
an error.
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ten dimensional equations of motion. These can be written as
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∂uI
, (7)

4

Effect of compensator on dimensionally reduced action:

∂Ai

∂uI
→ δIAi ≡

∂Ai

∂uI
− ∂iΩI so that ∂i(δIAi) = 0

The field space metric is simply:

GIJ =
∫

d6y
√

g6 gijδIAiδJAj

Compensator puts         back into harmonic gauge.δIAi

Natural mathematical definition (Singer): fluctuation 
orthogonal to gauge transformation, w.r.t δIAi GIJ



Warped Compactifications
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Time-dependence of moduli sources off-diagonal metric:

Compensators put metric back into harmonic gauge.

ds2
10 = e2A(y;u)gµν(x)dxµdxν + BI

j (y)∂µuIdxµdyI + gij(y;u)dyidyj

Hard to generalize YM approach. Two strategies:

• Lagrangian: gauge-fixed metric (        , compensator 
gauge), dimensional reduction with 10D constraints.

• Hamiltonian: gauge invariant metric, compensators as 
Lagrange multipliers enforcing 10D constraints.

BI
j = 0



Hamiltonian of GR
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Split metric into:

Warp effects in EFT
Formulating the problem

Hamiltonian approach
Application to warped compactifications

Kähler metric in the deformed conifold

Hamiltonian of GR
Kinetic terms

Review – Hamiltonian of GR

√
splitting gMN :


hMN space-like piece
ηN tangential shift

√
extrinsic curvature KMN =

1
2

(gtt)1/2`
ḣMN−∇M ηN−∇N ηM

´

√
canonical momentum πMN =

∂LEH

∂ḣMN
= h1/2 `

KMN−hMN K
´

√
HG =

√
−gD

(
−R(D−1)+h−1πMNπMN−

1
D − 2

h−1π2
)
−2 ηN∇M(πMN)

√
ηN are Lagrange multipliers enforcing ∇M(πMN) = 0

Σt+δt

Σt , hMN(t)ηN

nN
tN

1

Gonzalo Torroba Kinetic terms in warped compactifications

space-like piece

tangential shift

hMN

ηN

Extrinsic curvature:

Canonical momentum:

KMN =
1
2
(gtt)1/2

(
ḣMN −∇MηN −∇NηM

)

HG =
√
−gD

(
−R(D−1) + h−1πMNπMN −

1
D − 2

h−1π2

)
− 2ηN∇M

(
πMN

)Hamiltonian:

Lagrange multipliers enforcing the constraints:ηN =

∇M

(
πMN

)
= 0

πMN =
∂LEH

∂ḣMN

= h1/2 (KMN − hMNK)



Kinetic Terms
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∂i∂νAi = ∂i∂iAν . (6)
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4

Here, time-dependence of         only implicit throughhMN uI(x)

Computing the shift vectors: ηi = Bi
I u̇

I

Therefore, compensators  = Lagrange multipliers of HG!

The dynamical variables of H define the metric fluctuations:

KMN ∼ u̇IδIhMN ≡ u̇I ∂hMN

∂uI
−∇MηN −∇NηM

πMN ∼ u̇IδIhMN ≡ u̇I (δIhMN − hMNδIh)

Only effect of compensators is to shift

(“physical” variation) & enforce constraints:

∂IhMN → δIhMN

∇M
(
δIhMN

)
= 0



Applications: Warped Compactifications
Conformal Calabi-Yau background:

Constraint equations:

ds2
10 = e2A(y;u)ηµνdxµdxν + e−2A(y;u)g̃mn(y;u)dymdyn

Warped moduli space metric:

GIJ(u) =
1

4VW

∫
d6y

√
g̃6 e−4Ag̃ikg̃jlδI g̃ijδJ g̃kl

GS, Torroba, Underwood, Douglas



Warped Deformed Conifold
• Klebanov-Strassler solution:

• S only enters 4D redshift factor, not 6D metric:

• Same qualitative feature as DG, differ by order 1 
coefficient:

+ K(τ) cosh2
(τ

2

) (
(g3)2 + (g4)2

)
+ K(τ) sinh2

(τ

2

) (
(g1)2 + (g2)2

)]
ds2

10 =
|S|2/3

(gsNα′)
I(τ)−1/2ηµνdxµdxν + (gsNα′) I(τ)1/2

[
1

3K(τ
)2

(
dτ2 + (g5)2

)

e−4A(τ) =
(gsNα′)2

|S|4/3
I(τ)where

Douglas, Torroba

δSgij = −∇iηj −∇jηi

GSS =
k

VW

(gsNα′)2

|S|4/3



Warped EFT:
Open String Sector

Marchesano, McGuirk, GS



Warped Extra Dimensions

[Slide from Sundrum]

Are there new features in string theory embedding?



Warped Extra Dimensions

ds2
10 = ∆−1/2ηµνdxµdxν + ∆1/2eΦĝmndymdyn

Type IIB warped background (as in GKP, KKLT):

Consistency requires:

F5 = (1 + ∗10)F int
5 F int

5 = ∗̂6d
(
∆eΦ

)

D7-branes wrap
S4 ⊂ X6



D-brane Action in Flux Background
The bosonic part: Sbos

D7 = SDBI
D7 + SCS

D7

The fermionic part:

S fer
D7 = τD7

∫
d8ξ e−Φ

√∣∣det P [G]
∣∣ Θ̄PD7

−

(
ΓαDα −

1
2
O

)
Θ

Martucci, Rosseel, Van den Bleeken, Van Proeyen

obtained from M2-brane action and T-dualities

Dα O: gravitino variation : dilatino variation

Θ =
(

θ1

θ2

)
PD7
± =

1
2

(
I± Γ(8) ⊗ σ2

)10D MW bispinors ;

-symmetry:κ Θ→ Θ + PD7
− κ



S fer
D7 = τD7

∫
d8ξ eΦ

√∣∣det P [GE ]
∣∣ Θ̄PD7

−

(
ΓαDE

α +
1
2
OE

)
Θ

In Einstein frame:

ds2
10 = Z−1/2ηµνdxµdxν + Z1/2ĝmndymdyn

GE
MN ≡ e−Φ/2Gst

MN

Z ≡ ∆eΦ

-fixing: removes half of the fermionic d.o.f.κ

Θ =
(

θ
0

)
PD7
− Θ =0Convenient

 choices:
or

Consider first the simple case: X6 = T 6

S4 = T 4 ⊂ T 6

Then generalize to (a) Calabi-Yau, (b) Varying dilaton, 
(c) Other background fluxes, (d) Worldvolume fluxes 



Warped Flat Space

O = 0

Dµ = ∇µ +
1
8
F/int

5 Γµiσ2 = ∂µ −
1
4
Γµ∂/ lnZPO3

+

Dm = ∇m +
1
8
F/int

5 Γmiσ2 = ∂m +
1
8
∂m lnZ − 1

4
∂/ lnZΓmPO3

+

With only 5-form fluxes and define: PO3
± =

1
2

(
I± Γ(6) ⊗ σ2

)

Pullback to the worldvolume:

ΓµDµ + ΓaDa +
1
2
O = ∂/ext

4 + ∂/int
4 +

(
∂/int
4 lnZ

) (
1
8
− 1

2
PO3

+

)

κ -fixing Θ =
(

θ
0

)

S fer
D7 = τD7e

Φ0

∫

R1,3
d4x

∫

T4
dvolT4 θ̄D/w θ

gives the Dirac action:

D/w = ∂/ext
4 + ∂/int

4 − 1
8

(
∂/int
4 lnZ

)
(1 + 2ΓExtra)



Warped Flat Space
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κ -fixing Θ =
(

θ
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S fer
D7 = τD7e
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∫

R1,3
d4x

∫

T4
dvolT4 θ̄D/w θ

gives the Dirac action:

D/w = ∂/ext
4 + ∂/int

4 − 1
8

(
∂/int
4 lnZ

)
(1 + 2ΓExtra)



Decompose the 10D MW spinor:

θ = χ + B∗χ∗ χ = θ4D ⊗ θ6D

Γ(4)

[
∂/T4 −

1
8

(∂/T4 lnZ) (1 + 2ΓExtra)
]

θζ
6D = Z1/2mζ(B6θ

ζ
6D)∗

Fermion mass eigenstates:

4D zero modes:

θ0
6D = Z−1/8η− for ΓExtra η− = −η−

θ0
6D = Z3/8η+ for ΓExtra η+ = η+

Wilsonlino
Gaugino, Modulino

c.f. θ0
6D = Z1/8η Acharya, Benini, Valandro



Decompose the 10D MW spinor:

θ = χ + B∗χ∗ χ = θ4D ⊗ θ6D

Γ(4)

[
∂/T4 −

1
8

(∂/T4 lnZ) (1 + 2ΓExtra)
]

θζ
6D = Z1/2mζ(B6θ

ζ
6D)∗

Fermion mass eigenstates:

4D zero modes:

θ0
6D = Z−1/8η− for ΓExtra η− = −η−

θ0
6D = Z3/8η+ for ΓExtra η+ = η+

Wilsonlino
Gaugino, Modulino

c.f. θ0
6D = Z1/8η Acharya, Benini, Valandro

Kinetic terms:
S fer

D7 = τD7 eΦ0

∫

R1,3
d4x θ̄4D∂/R1,3θ4D

∫

T4
dvolT4 η†−η−

S fer
D7 = τD7 eΦ0

∫

R1,3
d4x θ̄4D∂/R1,3θ4D

∫

T4
dvolT4 Zη†+η+



Open String Bosons
Expand the DBI+CS action to quadratic order: 

gauge bosons, wilson lines, moduli wavefunctions are flat.

4D Kinetic terms for bosons and fermions match:

fD7 =
(
8π3k2

)−1
∫

T4

dvolT4√
ĝT4

(
Z

√
ĝT4 + iC int

4

)
(α0)2e.g.

S fer
D7 = τD7 eΦ0

∫

R1,3
d4x θ̄4D∂/R1,3θ4D

∫

T4
dvolT4 Zη†+η+

More generally, fields descend from the same multiplet:
∫

R1,3
d4xφ̄Dφ

∫

int
dvolint Zq η̄η wavefunction∼ Zp



Comparison to RS
RS D7

4D Field p q 4D Field p q

gauge boson 0
1/4

gauge boson/modulus 0
1

gaugino 3/8 gaugino/modulino 3/8
matter scalar (3− 2c)/8

(1− c)/2
Wilson line 0

0
matter fermion (2− c)/4 Wilsonino −1/8

Table 1: Warp factor dependence for internal wavefunctions (p) and Kähler metric (q) in the RS
scenario and the D-brane construction consdered here. In RS, the gauge boson and gaugino come
from a 5D vector multiplet while the matter scalar and fermion come from a 5D hypermultiplet.
The 5D mass of the fermion in the hypermultiplet is cK with K the AdS curvature. The additional
degrees of freedom from these supermultiplets are projected out by the orbifold action is RS. The
wavefunctions in SUSY RS are worked out in [16] (our conventions differ slightly from theirs in that
we take the ansatz for the 5D fermion to be ΨL,R (x, y) = ψL,R (x)χL,R (y) while [16] uses a power
of the warp factor in the decomposition.)

2.2.3 Summary and comparison to RS

In the previous subsections, we analyzed the zero modes for the open string fluctuations
of a D7 brane wrapping a 4-cycle in a warped compactification. This is a step towards
a string theory implementation of an extended supersymmetric RS scenario [16]. In such
scenarios, 4D fields result from the dimensional reduction of the zero modes of 5D fields
propagating in the bulk of AdS5.10 However, the construction here differs from the RS
scenario in not only the existence of additional spatial dimensions, but also the presence
of additional background fields, namely the RR potential C4 and the axiodilaton τ (which
for now we take to be constant).

Unlike the flat space case, the supersymmetry algebra in AdS5 implies that component
fields have different 5D masses [15]. In particular, the 4D gauge boson and gaugino come
from a 5D N = 1 vector supermultiplet. Gauge invariance requires that the 5D vector
component is massless, while SUSY requires that the 5D gaugino has mass 1

2K where
K = 1/R is the AdS curvature.11 Similarly, the matter fields result from the reduction of
a 5D hypermultiplet, the component fields of which each have a different mass.

The differences between the RS scenario and string theory implementations of the
scenario result in different behavior of the internal wavefunctions (Table 1). For each field,
the wavefunction can be written as Zpη where η is a constant function with the appropriate
Lorentz structure. The kinetic terms for each 4D field can be written schematically as

∫

R1,3
d4xφ̄Dφ

∫

int
dvolint Zqη̄η (2.51)

where φ is a 4D field with kinetic operator D, η is the corresponding internal wavefunction
and “int” denotes the unwarped internal space (S1/Z2 for RS or T4 here). Since both the D-

10The RS model is actually built on an orbifold S1/Z2. The orbifold action acts to project out certain

zero modes and will not effect the dependence on the warp factor of the surviving modes.
11There is a slight complication when the internal dimension is orbifolded, but this does not effect the

dependence of the zero modes on the warp factor which is what we are focusing on here. The orbifold action

also projects out the zero modes from the other component fields in the 5D vector supermultiplet.

– 14 –
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Planck
brane IR brane

c > 1/2 c < 1/2 H
Yukawa

couplings

Figure 20: Fermion zero-mode profiles for different 5D fermion masses

Thus even without large hierarchies at the 5D level, hierarchical effective
Yukawa couplings are naturally generated. In the real world, we can identify
light fermions as chiral modes arising from bulk fermions with c > 1/2,
and heavy fermions with chiral modes arising from bulk fermions with c <
1/2. Therefore light fermion profiles are suppressed at the IR brane. This
suppresses their wave-function overlap with low-lying KK excitations of all
bulk fields, thereby suppressing a host of dangerous KK-mediated effects.
This is the central part of an automatic GIM mechanism suppressing flavor-
changing neutral currents. On the other hand one can predict that the heavy
top quark in this scenario should display significant non-standard corrections
to its couplings.

44

m5D bulk ∼ cK
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(1− c)/2
Wilson line 0

0
matter fermion (2− c)/4 Wilsonino −1/8

Table 1: Warp factor dependence for internal wavefunctions (p) and Kähler metric (q) in the RS
scenario and the D-brane construction consdered here. In RS, the gauge boson and gaugino come
from a 5D vector multiplet while the matter scalar and fermion come from a 5D hypermultiplet.
The 5D mass of the fermion in the hypermultiplet is cK with K the AdS curvature. The additional
degrees of freedom from these supermultiplets are projected out by the orbifold action is RS. The
wavefunctions in SUSY RS are worked out in [16] (our conventions differ slightly from theirs in that
we take the ansatz for the 5D fermion to be ΨL,R (x, y) = ψL,R (x)χL,R (y) while [16] uses a power
of the warp factor in the decomposition.)

2.2.3 Summary and comparison to RS

In the previous subsections, we analyzed the zero modes for the open string fluctuations
of a D7 brane wrapping a 4-cycle in a warped compactification. This is a step towards
a string theory implementation of an extended supersymmetric RS scenario [16]. In such
scenarios, 4D fields result from the dimensional reduction of the zero modes of 5D fields
propagating in the bulk of AdS5.10 However, the construction here differs from the RS
scenario in not only the existence of additional spatial dimensions, but also the presence
of additional background fields, namely the RR potential C4 and the axiodilaton τ (which
for now we take to be constant).

Unlike the flat space case, the supersymmetry algebra in AdS5 implies that component
fields have different 5D masses [15]. In particular, the 4D gauge boson and gaugino come
from a 5D N = 1 vector supermultiplet. Gauge invariance requires that the 5D vector
component is massless, while SUSY requires that the 5D gaugino has mass 1

2K where
K = 1/R is the AdS curvature.11 Similarly, the matter fields result from the reduction of
a 5D hypermultiplet, the component fields of which each have a different mass.

The differences between the RS scenario and string theory implementations of the
scenario result in different behavior of the internal wavefunctions (Table 1). For each field,
the wavefunction can be written as Zpη where η is a constant function with the appropriate
Lorentz structure. The kinetic terms for each 4D field can be written schematically as

∫

R1,3
d4xφ̄Dφ

∫

int
dvolint Zqη̄η (2.51)

where φ is a 4D field with kinetic operator D, η is the corresponding internal wavefunction
and “int” denotes the unwarped internal space (S1/Z2 for RS or T4 here). Since both the D-

10The RS model is actually built on an orbifold S1/Z2. The orbifold action acts to project out certain

zero modes and will not effect the dependence on the warp factor of the surviving modes.
11There is a slight complication when the internal dimension is orbifolded, but this does not effect the

dependence of the zero modes on the warp factor which is what we are focusing on here. The orbifold action

also projects out the zero modes from the other component fields in the 5D vector supermultiplet.
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Figure 20: Fermion zero-mode profiles for different 5D fermion masses

Thus even without large hierarchies at the 5D level, hierarchical effective
Yukawa couplings are naturally generated. In the real world, we can identify
light fermions as chiral modes arising from bulk fermions with c > 1/2,
and heavy fermions with chiral modes arising from bulk fermions with c <
1/2. Therefore light fermion profiles are suppressed at the IR brane. This
suppresses their wave-function overlap with low-lying KK excitations of all
bulk fields, thereby suppressing a host of dangerous KK-mediated effects.
This is the central part of an automatic GIM mechanism suppressing flavor-
changing neutral currents. On the other hand one can predict that the heavy
top quark in this scenario should display significant non-standard corrections
to its couplings.

44

m5D bulk ∼ cK

5-form fluxes



Comparison to RS
RS D7

4D Field p q 4D Field p q

gauge boson 0
1/4

gauge boson/modulus 0
1

gaugino 3/8 gaugino/modulino 3/8
matter scalar (3− 2c)/8

(1− c)/2
Wilson line 0

0
matter fermion (2− c)/4 Wilsonino −1/8

Table 1: Warp factor dependence for internal wavefunctions (p) and Kähler metric (q) in the RS
scenario and the D-brane construction consdered here. In RS, the gauge boson and gaugino come
from a 5D vector multiplet while the matter scalar and fermion come from a 5D hypermultiplet.
The 5D mass of the fermion in the hypermultiplet is cK with K the AdS curvature. The additional
degrees of freedom from these supermultiplets are projected out by the orbifold action is RS. The
wavefunctions in SUSY RS are worked out in [16] (our conventions differ slightly from theirs in that
we take the ansatz for the 5D fermion to be ΨL,R (x, y) = ψL,R (x)χL,R (y) while [16] uses a power
of the warp factor in the decomposition.)

2.2.3 Summary and comparison to RS

In the previous subsections, we analyzed the zero modes for the open string fluctuations
of a D7 brane wrapping a 4-cycle in a warped compactification. This is a step towards
a string theory implementation of an extended supersymmetric RS scenario [16]. In such
scenarios, 4D fields result from the dimensional reduction of the zero modes of 5D fields
propagating in the bulk of AdS5.10 However, the construction here differs from the RS
scenario in not only the existence of additional spatial dimensions, but also the presence
of additional background fields, namely the RR potential C4 and the axiodilaton τ (which
for now we take to be constant).

Unlike the flat space case, the supersymmetry algebra in AdS5 implies that component
fields have different 5D masses [15]. In particular, the 4D gauge boson and gaugino come
from a 5D N = 1 vector supermultiplet. Gauge invariance requires that the 5D vector
component is massless, while SUSY requires that the 5D gaugino has mass 1

2K where
K = 1/R is the AdS curvature.11 Similarly, the matter fields result from the reduction of
a 5D hypermultiplet, the component fields of which each have a different mass.

The differences between the RS scenario and string theory implementations of the
scenario result in different behavior of the internal wavefunctions (Table 1). For each field,
the wavefunction can be written as Zpη where η is a constant function with the appropriate
Lorentz structure. The kinetic terms for each 4D field can be written schematically as

∫

R1,3
d4xφ̄Dφ

∫

int
dvolint Zqη̄η (2.51)

where φ is a 4D field with kinetic operator D, η is the corresponding internal wavefunction
and “int” denotes the unwarped internal space (S1/Z2 for RS or T4 here). Since both the D-

10The RS model is actually built on an orbifold S1/Z2. The orbifold action acts to project out certain

zero modes and will not effect the dependence on the warp factor of the surviving modes.
11There is a slight complication when the internal dimension is orbifolded, but this does not effect the

dependence of the zero modes on the warp factor which is what we are focusing on here. The orbifold action

also projects out the zero modes from the other component fields in the 5D vector supermultiplet.

– 14 –

Planck
brane IR brane

c > 1/2 c < 1/2 H
Yukawa

couplings

Figure 20: Fermion zero-mode profiles for different 5D fermion masses

Thus even without large hierarchies at the 5D level, hierarchical effective
Yukawa couplings are naturally generated. In the real world, we can identify
light fermions as chiral modes arising from bulk fermions with c > 1/2,
and heavy fermions with chiral modes arising from bulk fermions with c <
1/2. Therefore light fermion profiles are suppressed at the IR brane. This
suppresses their wave-function overlap with low-lying KK excitations of all
bulk fields, thereby suppressing a host of dangerous KK-mediated effects.
This is the central part of an automatic GIM mechanism suppressing flavor-
changing neutral currents. On the other hand one can predict that the heavy
top quark in this scenario should display significant non-standard corrections
to its couplings.
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Thus even without large hierarchies at the 5D level, hierarchical effective
Yukawa couplings are naturally generated. In the real world, we can identify
light fermions as chiral modes arising from bulk fermions with c > 1/2,
and heavy fermions with chiral modes arising from bulk fermions with c <
1/2. Therefore light fermion profiles are suppressed at the IR brane. This
suppresses their wave-function overlap with low-lying KK excitations of all
bulk fields, thereby suppressing a host of dangerous KK-mediated effects.
This is the central part of an automatic GIM mechanism suppressing flavor-
changing neutral currents. On the other hand one can predict that the heavy
top quark in this scenario should display significant non-standard corrections
to its couplings.
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More Gauge Fixing
θ̄Γa1···anθ = 0 for n != 3, 710D MW spinors:

Consider kinetic term:

τD7

∫
d8ξ eΦθ̄Γα∂αθ

[turning off warping, fluxes]

S = τD7

∫
d8ξ eΦ

(
f2η̄∂/η + f η̄∂/fη

)
A constant MW spinor                minimizes the actionΓα∂αη = 0

so does

Ambiguity in EOM: Γα
(
∂α − ∂α ln f

)
θ = 0

Analogous to static gauge, choose superspace 
coordinates of D7 in non Grassmann-odd directions.

Bandos, Sorokin



More Gauge Fixing

PD7
−

(
ΓαDE

α +
1
2
OE

)
Θ =0 Bandos, Sorokin

After gauge fixing, the EOM becomes:

Warp factors cancel out in 4D SUSY variations:

δεY
i = ε̄Γiθ

δεAα = ε̄Γαθ

Such gauge fixing should apply to non-SUSY setup.



Alternative    -Fixingκ
Another    -fixed choice:κ PD7

− Θ =0

Θ0
6D = Z−1/8

√
2

(
η−
iη−

)
for ΓExtraη− = −η− Wilsonini

Θ0
6D = Z3/8

√
2

(
iη+

η+

)
for ΓExtraη+ = η+ gaugino + modulino

More transparent what the zero modes correspond:

Θ = Z−1/8Ξ− with PD3
+ Ξ− = PD7

− Ξ− = 0

Θ = Z3/8Ξ+ with PD3
− Ξ+ = PD7

− Ξ+ = 0
PD3
± =

1
2

(
I± Γ(4) ⊗ σ2

)

The killing bispinors preserved by D3 should go like:

ε ∼ Z−1/8Ξ−



Generalizations
Calabi-Yau: ∇CY

m ηCY
− = 0 ηCY

+ = (B6η
CY
− )∗

ε = ε4D ⊗ Z−1/8

(
ηCY
−

iηCY
−

)
− iB∗

4ε∗4D ⊗ Z−1/8

(
iηCY

+

ηCY
+

)

Killing bispinor:

Gaugino: Θ = θ4D ⊗
Z3/8

√
2

(
iηCY
−

ηCY
−

)
− iB∗

4θ∗4D ⊗
Z3/8

√
2

(
ηCY
+

iηCY
+

)

Wilsonlini & Modulini: spinors annihilated by            :

ηW = WaΓza

ηCY
− and ηm = mabΓzazb

ηCY
−

Γa∇CY
a

harmonic (1,0) and (2,0) forms on S4

Also generalized to 3-form fluxes and varying dilaton.

Θ6D ∼ Z−1/8, Z3/8 respectively



Magnetized D7-branes
Introducing chirality, dual to intersecting branes

BPS: F = −∗S4F

S fer
D7 = τD7

∫
d8ξ eΦ

√∣∣det M
∣∣ Θ̄PD7

− (F)
(

ΓµDµ + (M−1)abΓa

(
Db +

1
8
ΓbO

))
Θ

M = P [G] + e−Φ/2Fσ3M = P [G] + e−Φ/2F

PD7
± (F) =

1
2

(
I± ΓF(8) ⊗ σ2

)
ΓF(8) = Γ(8)

√∣∣∣∣
det P [G]
det M

∣∣∣∣

(
I− 1

2
e−Φ/2F/⊗ σ3 +

1
8
e−ΦF/2

)

The Dirac action:

where

In the gauge:

D/w =

√
det MS4

det gS4

[
∂/ext
4 + (M−1

S4
)abΓa

(
∇CY

b + ∂b lnZ

(
1
8
− 1

2
PO3

+

))]

PD7
− (F)Θ = 0

c.f. Blumenhagen, Cvetic, Langacker, GS



Magnetized D7-branes
PD7
− (F)Θ = 0

Θ =
(

Λ(−F)1/2

Λ(F)1/2

)
Θ′ with PD7

− Θ′ = 0

Bergshoeff, Kallosh, Ortin, Papadopoulos

Worldvolume flux rotates the bispinor:

Λ(F) ∈ Spin(4) = SU(2)1 × SU(2)2In general:
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Magnetized D7-branes
PD7
− (F)Θ = 0

Θ =
(

Λ(−F)1/2

Λ(F)1/2

)
Θ′ with PD7

− Θ′ = 0

Bergshoeff, Kallosh, Ortin, Papadopoulos

Worldvolume flux rotates the bispinor:

Λ(F) ∈ Spin(4) = SU(2)1 × SU(2)2In general: ⊂

U(2) holonomy group of S4BPS: Λ(F) ∈ SU(2)1

Θ = Z3/8

[
θ4D ⊗

1√
2

(
iηCY
−

ηCY
−

)
− iB∗

4θ∗4D ⊗
1√
2

(
ηCY
+

iηCY
+

)]

Θ = Z−1/8 1
4
(M−1

S4
)abΓaΓb

[
B∗

4θ∗4D ⊗
1√
2

(
iηW

ηW

)
− iθ4D ⊗

B6√
2

(
η∗W
iη∗W

)]

PO3
− Θ′ = 0 (1,2)

PO3
+ Θ′ = 0 (2,1)



Warped EFT
ηµν →

α′3

VW
ηµνTransform to 4D Einstein frame:

Gauge kinetic function:

fD7 =
(
8π3k2

)−1
∫

S4

dvolS4√
ĝS4

(
Z

√
ĝS4 + iC int

4

)(
α0

)2

For Kahler potential, consider first the unwarped case.
Jockers, LouisD7-moduli:

have Einstein frame kinetic term:

σ
(
x, y

)
= ζA (x) sA (y) + ζ̄Ās̄Ā (y) {sA} : S4 → S ′

4

iτD7

∫

R1,3
eΦLAB̄ dζA ∧ ∗4dζ̄B̄

LAB̄ =

∫
S4

mA ∧mB̄∫
X6

ΩCY ∧ Ω̄CY

{mA} : mA = ιsAΩCY



Warped EFT
With warping, the D7 moduli kinetic term:

LAB̄ → Lw
AB̄ =

∫
S4

Z mA ∧mB̄∫
X6

Z ΩCY ∧ Ω̄CY

Now combine with the closed string results.

From STUD, the axio-dilaton has kinetic term:

−
∫

R1,3
d4xKt̄t ∂µt̄ ∂µt Kt̄t =

1
8 (Imτ)2 VW

∫

X6
d6y Z Y 2

0where

unaffected by warping.
S = t− κ2

4τD7LAB̄In the unwarped case: Jockers, Louis

K ! ln
[
−i

(
S − S̄

)
− 2iκ2

4τD7LAB̄ζAζ̄B̄
]



Warped EFT
The warped corrected Kahler potential for S:

Wilson lines:
AadAa = wI (x) W I (y) + wĪ (x) W

Ī (y)
{
W I

}
: (1, 0) forms

has kinetic term in the unwarped case:

i
2τD7k

V

∫

R1,3
CIJ̄

α vαdwI ∧ ∗4dw̄J̄ CIJ̄
α =

∫

S4

P [ωα] ∧W I ∧W
J̄

JCY = vaωa

With warping, we found the kinetic term is modified:

i
2τD7k

VW

∫

R1,3
CIJ̄

α vαdwI ∧ ∗4dw̄J̄

K ! ln
[
−i

(
Sw − S̄w

)
− 2iκ2

4τD7Lw
AB̄ζAζ̄B̄

]
Sw = t− κ2

4τD7Lw
AB̄ζAζ̄B̄

Jockers, Louis



Warped EFT
In the single modulus case, without warping:

This suggests to reproduce the warped kinetic terms:

−3 ln
(
TΛ + T̄Λ − 6iκ2

4τD7k
2CIJ̄

Λ wIwJ̄

)
Jockers, Louis

where

This is in agreement with closed string derivation:

Frey, Torroba, Underwood, Douglas

Tw
Λ vΛ =

∫
Z J ∧ J ∧ J =

(
c +

V0
W

VCY

)
VCY Z(x) = Z0 + c(x)

TΛ → Tw
Λ

where−3 ln
(
−i(ρ− ρ) + 2

V0
W

VCY

)
Im(ρ) = c(x)
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