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Abstract

We verify all quadrupolestrengths(both normal and
skew) anddeterminesextupole feed-downs aswell asall
BPM gainsand BPM cross-planecouplingsby an SVD-
enhancedleast-squaresfitting of thephaseadvances(only
thosewhich are accuratelydetermined)and the Green’s
functions (specifiedby the local transfermatrix compo-
nents R12, R34, R32, and R14). The phaseadvances
andthe Green’s functionsareobtainedby analyzingturn-
by-turn Beam Position Monitor (BPM) data from high-
resolutionmodel-independentanalysis(MIA). Once the
magnetstrengthsareverified,a magnetcorrectionpriority
sequencecanbeexercisedin thecomputerbeforeonetries
to correctthe real accelerator. Resultsfrom PEP-II LER
measurementarepresented.

1 INTRODUCTION

Local Green’s functionsbetweenBPMs derived from or-
bit measurementhave beenconsideredfor comparingan
acceleratormachine optics with those calculated from
the lattice model [1] using model-independentanalysis
(MIA) [2]. In this paper, alongwith the local greenfunc-
tionswe includephaseadvances(whichusuallycanbede-
terminedaccurately)betweenBPMs to improve the least-
squaresfitting accuracy.

TakingthePEP-IILow-Energy Ring (LER) asanexam-
ple,wedescribetheBPM buffer dataacquisitionin section
2, andtheextractionof 4 independentlinearorbits in sec-
tion 3. In section4, we describehow phaseadvancebe-
tweenBPMsis calculatedandusedfor fitting. In section5,
wereview thecomputationof thelocal linearGreen’sfunc-
tionsspecifiedby valuesof thetransfermatrixcomponents,������������	
���
���
�

and
�
��	

. In section6, we briefly describe
how we carry throughan iterative processfor the SVD-
enhancedleast-squaresfitting. In section7,wepresenttyp-
ical resultsfrom anapplicationto thePEP-IILER.

2 BPM BUFFER DATA ACQUISITION

In thePEP-IILER, currentlythereare319BPMsof which
152 BPMS are single-view horizontal (X) BPMs, 142
BPMs are single-view vertical (Y) BPMs, and 25 BPMs
are double-view (X,Y) BPMs. Therefore,one-turnBPM
buffer datacanoffer a maximumof 177X dataand167Y
data. Unlike linacswherethereis oftenenoughincoming
jitter in thebeamto measureandidentify betatronmodes,

�
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in therings,to offsetradiationdamping,thebeamis reso-
nantlyexcitedby ashakerat thehorizontalbetatron(eigen)
tuneandthenat theverticalbetatron(eigen)tune,eachfor
2800turnsto getacompletesetof datawhicharestoredin
2 setsof matrices,onesetfor the horizontalandthe other
set for the vertical excitation. Eachsethastwo matrices,
one2800-by-177matrix for storingx dataandone2800-
by-167matrix for storingy data.TheremaybebadBPMs
andsothecolumnsarereducedaccordingly.

3 EXTRACTION OF INDEPENDENT
LINEAR ORBITS

UponperforminganFFToneachcolumnof thedatain the
matrices,besidesthe0-th FFT moderepresentingtheself-
consistentclosedorbit, onefindsa dominantFFT modeat
the resonanceexcitationeigenfrequency, representingthe
two degreesof freedomof thebetatronmotionfor eachex-
citation. The cosine-like orbit is representedby the real
partandthesine-like orbit is representedby theimaginary
part. Therefore,a total of 4 independentlinear (X andY)
orbits can be extractedfrom the two eigen-modeexcita-
tions. Shown in figure4 aretypical independentlinearor-
bits. Onecanclearlyseethecouplingin theseorbits.
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Figure 1: Four independentorbits extractedfrom PEP-II
LER BPM buffer data. The first two orbits (x1, y1) and
(x2, y2) areextractedfrom beamorbit excitationat thehor-
izontaltunewhile theothertwo orbits(x3, y3) and(x4, y4)
arefrom excitationat theverticaltune.



4 PHASE ADVANCES

If thereis no BPM crosscoupling,onecancalculatethe
orbit betatronphaseat eachBPM locationby simply tak-
ing thearctangentof the ratio of the imaginarypart to the
realpartof theresonanceexcitationFFT mode.Phasead-
vancesbetweenadjacentBPMs canthenbe calculatedby
subtraction.Note that thesephaseadvancesare indepen-
dentof the BPM gainsbecausethey are cancelledin the
ratio. BPMswith cross-couplingerrorsareexcludedfrom
phaseadvancefitting. They canbefoundduringthefitting
processandbasedon previousexperience.Thefitting pro-
cessallows for non-zeroBPM crosscoupling.If any BPM
crosscouplingbecomeslargerthanasmallcut-off, thenthe
phaseadvanceconditionat theBPM is dropped.

5 LINEAR GREEN’S FUNCTIONS

Though x’ and y’ are not directly measuredthey exist.
Given the above completesetof 4 independentorbits ob-
tainedfrom onehorizontalexcitationandoneverticalex-
citation, onecanconceptuallyform a non-singularmatrix
at the ����� or the ����� BPM consistingof the phase-space
coordinates:eg.

�����
� � � � �� � �� � �	
��� �� ��� �� ��� �� ��� �	
 � �  ��  ��  �	
 !� ��  !� ��  !� ��  !� �	

"

Applying the symplecticcondition (dampingis offset by
the excitation to an equilibrium state),oneobtainsthe in-
variants(constantsaroundthering) representedby ananti-

symmetricmatrix # �$��%�&(')�*%+�,� � & ')� � " This anti-
symmetricinvariant matrix contains,in general,6 scalar
invariants.However, sincetheshaker is excitedat thetwo
eigentunes,it canbeshown thatonly thetwo non-coupled
invariants# ���-� # ��	 arenot0; # �.��� # ��	�� # ����� # ��	��/
. Applying the symplecticpropertyof the transfermap,� � %�&0'�� � %1�2'3�

andrelationshipbetweenphase-spaceco-
ordinatesandmeasuredorbits, (� �4�  � ), (� �
�  � ), (� �
�  � ),
(� 	��  	 ) to the linear phase-spacecoordinatestransferre-
lationshipbetween� and � given by

�*%5�6� � %4� � �
one

obtainsthefollowing 4 equations[1]:

7 � � � � %�98 � �� � % �;:=< # �.�9> 7 � �� � %	98 � �	 � %�3:=< # ��	?�@� � %�.� " 7�A :
7 � � �  %� 8 � ��  % � :=< # �.�1> 7 � ��  %	 8 � �	  %� :=< # ��	?�@�B� %��� " 7�C :
7  � � � %��8  �� � % �;:=< # ��� > 7  �� � %	*8  �	 � %�3:=< # ��	 �@�B� %�.	 " 7�D :
7  � �  %�E8  ��  % �F:=< # �.� > 7  ��  %	G8  �	  %��:�< # ��	 �5� � %��	 " 7�H :

The RHS’s are always Green’s function elements,���������
���
�����.	
�-�
��	
; the first index is 1 or 3 accordingto

whether’b’ is horizontalor vertical,andthesecondindex
is 2 or 4 accordingto whether’a’ is horizontalor vertical.
Oneor two or four of the above equationswill apply de-
pendingon whetherthe two BPMs at ’a’ and’b’ areboth

single-view or only onesingle-view or both double-view
BPMs. Notethat theamplitudeandorthogonalityof the4
modesbeingusedentersthrough # �.� and # ��	 .

Theselinear Green’s functionsfor all combinationsof
(a,b) are not completely independentfrom each other.
Sincethereare4 measurementsat eachsingle-view BPM,
1 for eachof the 4 orbits,onemight expecteachBPM to
beinvolvedin 4 independentequations(assumingnoBPM
gain errors). This is indeedtrue: thereare2 independent
”normal” measurementsand 2 independent”skew” mea-
surements.For double-view BPMsoneexpectseightrela-
tionships.Onecanshow thatall Green’s functionelements
maybeexpressedin termsof elementsbetweenneighbors
andnext-nearestneighbors.

In orderto includetheBPM errorsinto theleast-squares
fitting process,theGreen’s functionsin theBPM measure-
mentframe,asgivenby Eqs.1-4,areexpressedasfollows.

�B� %��� �JI %K3L � %��� IM�K >+I %KNL � %��	
O �K;P > O %KFP
L � %��� I!�K > O %K;P
L � %��	�O �K;P �
�B� %��� �5I %P
L � %��� IM�K >+I %P
L � %��	�O �KFP > O %PQK3L � %��� IM�K > O %PQKNL � %��	
O �K;P �
� � %�.	 �JI %K L � %��	 I �P >RI %K L ���TS�U O �PQK > O %K;P L � %��	 I �P > O %KFP L � %��� O �PQK �
�B� %��	 �5I %P L � %��	 IM�P >+I %P L � %��� O �PQK > O %PQK L � %��	 IM�P > O %PQK L � %��� O �P � �
where

I K ’s,
I P ’saretheBPM gains,and

O KFP ’sand
O PQK ’sare

the BPM cross-couplingmultipliers. L ���-� L ��	�� L ���
� L �.	
aretheGreen’s functionsof themachine.

6 SVD-ENHANCED LEAST-SQUARES
FITTING

Usingtheexpressionfor local linearGreen’s functionsand
the phaseadvancesbetweenBPMs,we canstartan SVD-
enhancedleast-squaresfitting by initializing BPM gains
andcrosscouplingsandthequadrupoleandsextupolefeed-
down variablesin thelatticemodelwith areasonableguess
(for example, initialization with the machineconfigura-
tion). To easethe programmaticfitting process,we form
all variablesandall measurementderivedquantities(phase
advancesandtheindependentGreen’s functions)into one-
dimensionalarrays, i.e. vectors, representedby VW and
VX�Y respectively. The correspondingparametersfrom the
model,which areimplicit functionsof all the fitting vari-
ables,arealsoformedinto a vectorfunctionalform given
by VX 7 VW : . Denotingthereasonablyguessedvariablevalues
as V�[Z , andletting VW\� V�[Z > V� , onehas

VX 7 V� Z > V� : � VX 7 V� Z : >@] V� > V^ 7 V� : � VXGYJ�

where V^ 7 V� : containsnonlineartermsof the theTaylor ex-
pansionof VX 7 V�_Z > V� : , which is ignoredin the iteration
equationgivenby

] V� � VX*Y 8 VX 7 V� Z : � V � "



Sincetherecouldbedegeneraciescausingtheleast-squares
fitting` solution, V� � 7 ] & ] :�a � ] & V � , to diverge, we
use an SVD-enhancedleast-squaresfitting which solves
the above iteration equationby selectingdominantSVD
modes.At eachiteration,the guessedvariablevalues, V�_Z
is updatedandso the linear derivative matrix,

]
, is also

updatedfor thenext iteration.
Through iterations, the correspondingphaseadvances

and local linear Green’s functions calculatedfrom the
modelgetmuchcloserto thosemeasured.Oncetheresid-
ualscanno longerbereduced,theiterativeprocessstops.
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Figure2: Comparisonof thephaseadvancesfrommeasure-
mentandmodelfor thehorizontaleigenplane(top)andthe
verticaleigenplane(bottom).Thelinesshow thephasead-
vancesmeasuredbetweenBPMs while the dotsshow the
correspondingphaseadvancescalculatedfromtheideallat-
tice modelbeforeleast-squaresfitting. (BPM buffer data
acquiredon April 9, 2002from thePEP-IILER.)

7 RESULTS FROM APPLICATION TO
THE PEP-II LER

We have applied the above SVD-enhancedleast-squares
Fitting procedureto the PEP-II LER. Comparisonof the
phaseadvancesderived from the orbits and model are
shown in Figure2 beforefitting andFigure3 afterfitting.
Comparisonof theGreen’s functions(R12andR34) from
measurementandmodelareshown in Figure4 beforefit-
ting andFigure5 afterfitting for a typical case.Oncethe
fitting procedurehasconvergedthemachineis linearlyver-
ified.

Oncethelinearmachinelatticeis verified,one-turnma-
tricesatall magnet,marker, andBPM locationscanbecal-
culated.Thebetafunctions,linearcouplingangles,andlin-
earcouplingstrengthscanthenbederivedfrom theseone-
turnmatrices.Figure6comparestheverifiedbetafunctions
with thatof the idealatticemodelat BPM locationswhile
figure 7 shows betafunctionsin the vicinity of IP where
the verified b�cK and b�cP arealsoshown. At eachinterested
location,the verified betafunctionsareobtainedfrom the
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Figure3: Comparisonof thephaseadvancesfrommeasure-
mentandfitted modelfor the horizontaleigenplane(top)
andthe vertical eigenplane(bottom). The lines show the
phaseadvancesmeasuredbetweenBPMs while the dots
show the correspondingphaseadvancescalculatedfrom
thelatticemodelafterSVD-enhancedleast-squaresfitting.
(BPM buffer dataacquiredonApril 9, 2002from thePEP-
II LER.)

one-turnlinear mapsextractedfrom the fitted model, that
is, from theverifiedmachinelattice.
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Figure4: Comparisonof localGreens’functions,
� ���

and�
��	
, betweenmeasurementandthatcalculatedfrom lattice

modelbeforefitting. Thestarsarefrom measurementwhile
the circles are from the lattice model. (BPM buffer data
acquiredon April 9, 2002from thePEP-IILER.)

Theverifiedmachinelatticecanguidetherealmachine
corrections.For example,Figure6 shows betabeatingfor
the verifiedmachineon April 9, 2002(alsoshown in Fig-
ure 8 for a re-scaledplot). Indeed,therewas significant
betabeatingfor the PEP-II LER. Although this betabeat-
ing hasno negative effect on the PEP-II performanceat
the working tunesascanbe shown in Figure7, the veri-
fied betafunctions(b c ’s) arefavorablysmallerthanthose
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Figure5: Comparisonof localGreens’functions,
���.�

and�
��	
, betweenmeasurementand that calculatedfrom lat-

tice modelafter fitting. The fitting variablesareall BPM
gainsand cross-planecouplingsand the strengthsof the
quadfamiliesandquadskews andsextupole feed-downs.
Thestarsarefrom measurementwhile thecirclesarefrom
the lattice model. (BPM buffer dataacquiredon April 9,
2002from thePEP-IILER.)
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Figure6: Comparisonof the verified betafunctionswith
those of the idea lattice model at BPM locations. (a)
horizontalbetafunctionsfor ideal lattice model; (b) ver-
ified horizontalbetafunctions; (c) vertical betafunctions
for ideal latticemodel;(d) verifiedverticalbetafunctions;
(BPM buffer dataacquiredonApril 9, 2002from thePEP-
II LER.)

of the ideal lattice. The beatingresultingfrom coupling
maybeoneof themajor reasonsfor the troublein adjust-
ing the horizontalworking tunecloserto a half integer in
order to reducethe beam-beameffects. The effect of re-
ducingaskew quad(SK4)to 45%of its verifiedstrengthof
4.1Teslais shown in Figure9 whichdisplaysreducedbeta
beatingandin Figure10 which displaysreducedvariation
of thephaseadvancesin thearcsascomparedto Figure3.
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Figure7: Comparisonof thebetafunctionsin thevicinity
of IP for the horizontalbetafunctions(a and c) and the
vertical betafunctions(b and d). The blue lines are for
thosecalculatedfrom the ideal lattice model while those
calculatedfrom theverifiedmachinelatticearerepresented
by the red lines (bottomat IP whereS=0,but top on both
sidesof theplot) Notethat b cP is closeto thedesignedvalue
asshown in (d) while the b cK is smallerthanthe designed
valueasshown in (c). (BPM buffer dataacquiredon April
9, 2002from thePEP-IILER.)

This reducedbetabeatingis alsoverified in the most re-
centdataacquiredon June13, 2002from thePEP-IILER
(with areducedSK4)asshown in Figure11,displayingre-
ducedvariationof themeasuredphaseadvancesin thearcs
ascomparedto Figure3.
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Figure8: Theverifiedbetafunctionswith asmallervertical
scalein the plots to show betabeatings.Note that at the
arcs,theidealbetafunctionsshouldhave thesamevalues.
(BPM buffer dataacquiredonApril 9, 2002from thePEP-
II LER.)
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Figure9: The betafunctionswith a reducedskew (SK4)
value that shows much reducedbetabeatings. Note that
at the arcs,the ideal betafunctionsshouldhave the same
values. (BPM buffer dataacquiredon April 9, 2002from
thePEP-IILER.)
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Figure10: Thephaseadvanceswith a reducedskew (SK4)
value that shows reducedbetabeatings. Note that at the
arcs,theidealphaseadvancesshouldhavethesamevalues.
(BPM buffer dataacquiredonApril 9, 2002from thePEP-
II LER.)

8 SUMMARY

With SVD-enhancedleast-squaresfitting, we fit the local
Green’s functionsand phaseadvancesbetweenmeasure-
ment and lattice model. The fitting resultscan identify
malfunctioningBPMsandmagnetstrengthdifferencesbe-
tweenthemachineandthelatticemodel.Oncethemagnet
strengthsareverified.wecanexerciseanacceleratoroptics
correctionin thecomputerwith theverifiedmachinelattice
beforeactuallycorrectingthemachine.
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Figure11: The measuredphaseadvanceswith a reduced
skew (SK4) valuethatshows reducedbetabeatings.Note
that at the arcs,the ideal phaseadvancesshouldhave the
samevalues.Also notethat the largephaseadvances( d K )
at BPM number209 is due to missedBPM number208
which is excludedbecauseof baddata. (BPM buffer data
acquiredon June13,2002from thePEP-IILER.)
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