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Abstract
Using 24million  0 �  (2S) decays in CLEO-c, wehavesearched for higher multip oleadmixtures

in electric-dipole-dominated radiativ e transitions in charmonia. We �nd good agreement between
our data and theoretical predictions for magnetic quadrupole (M2) amplitudes in the transitions
 0 ! 
 � c1;2 and � c1;2 ! 
 J= , in striking contrast to some previous measurements. Let bJ

2

and aJ
2 denote the normalized M2 amplitudes in the respective aforementioned decays, where the

superscript J refers to the angular momentum of the � cJ . By performing unbinned maximum
likelihood �ts to full �v e-parameter angular distributions, we found the following values of M2
admixtures for J � = 1: aJ =1

2 = (� 6:26� 0:63� 0:24)� 10� 2 and bJ =1
2 = (2:76� 0:73� 0:23)� 10� 2 ,

which agreewell with theoretical expectations for a vanishing anomalousmagnetic moment of the
charm quark. For J � = 2, if we �x the electric octupole (E3) amplitudes to zero as theory predicts
for transitions betweencharmonium S statesand P states,we �nd aJ =2

2 = (� 9:3� 1:6� 0:3) � 10� 2

and bJ =2
2 = (1:0 � 1:3 � 0:3) � 10� 2. If we allow for E3 amplitudes we �nd, with a four-parameter

�t, aJ =2
2 = (� 7:9� 1:9� 0:3) � 10� 2, bJ =2

2 = (0:2� 1:4� 0:4) � 10� 2 , aJ =2
3 = (1:7� 1:4� 0:3) � 10� 2,

and bJ =2
3 = (� 0:8 � 1:2 � 0:2) � 10� 2. We determine the ratios aJ =1

2 =aJ =2
2 = 0:67+0 :19

� 0:13 and
aJ =1

2 =bJ =1
2 = � 2:27+0 :57

� 0:99, where the theoretical predictions are independent of the charmed quark
magnetic moment and are aJ =1

2 =aJ =2
2 = 0:676� 0:071 and aJ =1

2 =bJ =1
2 = � 2:27� 0:16.
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I. INTR ODUCTION

The radiative transitions betweenspin-triplet charmonium statesare known to be dom-
inated by electric dipole (E1) amplitudes, but higher multip ole contributions, magnetic
quadrupole and electric octupole (M2 and E3), are sometimesallowed. Thesehigher multi-
polesgive information about the magneticmoment of the charm quark. To search for these
contributions, we studied the radiative decay sequences

e+ e� ! 
 � !  0 �  (2S)
 0 ! 
 0� (c1;c2)

� (c1;c2) ! 
 J= 
J= ! e+ e� or � + � �

using the helicity formalism developed in Refs. [1{4]. As shown in Fig. 1, the particles  0,
� (c1;c2), and J= are the 2 3S1, 13P(1;2), and 13S1 charmonium states, respectively. For the
J� = 1 decay sequence,we search for two multip ole amplitudes, bJ =1

2 and aJ =1
2 , which are

respectively the M2 amplitudes for the  0 ! 
 0� c1 (b for before the � c) and � c1 ! 
 J= 
decay (a for after the � c). Similarly, for the J� = 2 decay sequence,we search for two M2
amplitudes (bJ =2

2 , aJ =2
2 ) and two E3 amplitudes (bJ =2

3 , aJ =2
3 ).

FIG. 1: Charmonium energy levels. Only the transitions studied in this article are shown.

The multip ole amplitudes are calculated from a maximum likelihood �t of the joint
angular distribution of the two photons 
 0 and 
 , described by �v e anglesfor each event.
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Polar and azimuthal angles(� 0; � 0) denote the direction of the initial e+ e� axis relative to
the �rst photon 
 0 (in the  0 frame), an angle � 
 
 0 describes the direction betweenthe two
photons (in the � c frame), and polar and azimuthal angles(� ; � ) denote the direction of
the �nal lepton pair (`+ ` � ) axis relative to the secondphoton 
 (in the J= frame). These
anglesare illustrated in Fig. 2.

FIG. 2: Referenceframes de�ning the anglesused in this analysis. In the  0 frame, the angles
� 0, � 0 are the polar and azimuthal anglesof the beam pipe (speci�cally , the positron's direction)
relative to 
 0 de�ning the z-axis, and 
 lying in the x-z plane (with a positive x-component). In the
� c frame, the angle � 
 
 0 is the angle between the two photons. In the J= frame, the angles� , �
are the polar and azimuthal anglesof the two leptons (speci�cally , the positive lepton's direction)
relative to 
 de�ning the z-axis, and 
 0 lying in the x-z plane (with a negative x-component).

In previousexperimental studiesof � cJ ! 
 J= , the magneticquadrupole amplitude in
the decay sequencesinvolving � c1 was found to be consistent with zero, while that found
via � c2 wasfound to be several standard deviationsfrom zero. However, theory predicts the
ratio of thesetwo magneticquadrupole amplitudes to be of order unity. With CLEO's large
sampleof  0 decays, the question is ripe for re-investigation. The present paper describes
that e�ort.

SectionI I setsthe theoretical stagefor the investigation. Prior experimental results are
reviewed in Sec.I I I. The CLEO detector, data sets,and Monte Carlo samplesare described
in Sec.IV. Sec.V discussesselectioncriteria, while Sec.VI is devoted to �ts to the data.
Systematicuncertainties are treated in Sec.VI I, while Sec.VI I I concludes.

I I. THEORETICAL CONTEXT

A. Allo wed radiativ e transitions

For the radiative decays between a 3S1 state and a 3P1 state, only E1 and M2 transi-
tions are allowed. For 3S1 � 3 P2 transitions, we would expect from conservation of angular
momentum and parity that the E3 transition would be allowed, but this is forbidden under
the single-quark radiation hypothesis [2, 5]. Single-quark radiative transitions must have
j� Sj � 1 and parity-changing transitions must have j� L j = 1, so the photon cannot carry
o� three units of angular momentum [1]. However, for the J � = 2 case,electric octupole
transitions are allowed if either S state has a small D admixture, or if the P state has
a small F admixture [6]. There is evidence[7, 8] that the  0 state is actually a mixture
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cos' j2 3S1i � sin ' j3D1i with ' = (12� 2)� , sowe may expect a small b3 transition ampli-
tude.

B. Join t angular distribution

The formalism developed in Refs.[1, 2, 9] is usedto construct the joint angular distribu-
tion of the decay sequence.We denotethe signal decay as

 0(� 0) ! 
 0(� 0) + � (� 0) (1)
� (� ) ! 
 (� ) + J= (� ) (2)

with helicities in parenthesesand the helicities associated with the  0 decay labeled with
primes. For the  0 (� c) decay sequence,the helicity amplitudes are labeled B � 0 (A � ) and
the multip ole amplitudes are labeledbJ 
 (aJ 
 0), whereJ
 is the angular momentum carried
by the photon 
 . The helicity amplitudes are speci�ed by only one helicity, since parity
conservation allows the independent helicity amplitudes to be de�ned for J � � � � 0 as

B � 0 � B � 0;1 = (� 1)J � B � � 0;� 1 ;
A � � A �; 1 = (� 1)J � A � �; � 1 :

Here the secondindex of the two-index helicities refers to the photon. To form the joint
angulardistribution the  0andJ= density matricesmust beconstructedfrom the directions
of the two electronsforming the  0 and the two leptons that decay from the J= .1

The angles� 0, � 0 contain information on the polarization of the  0, while � , � contain
information on the polarization of the J= . The angle� 
 
 0, de�ned by the anglebetweenthe
two photons in the � c rest frame, gives information on the necessaryrotation betweenthe
two referenceframes. Framesfor construction of these�v e angleshave beenshown above
in Fig. 2.

The joint angular distribution is therefore

W(cos� 0; � 0; cos� 
 
 0; cos� ; � ) /
X

� 0~� 0; � 0 = � 1
� ~� ; � = � 1

� (� 0� � 0;� 0� ~� 0)(� 0; � 0)B j � 0jB j ~� 0jd
J �
� � 0� (� 
 
 0)dJ �

� ~� 0~� (� 
 
 0)A j � jA j ~� j � � (� � �; ~� � � ) (� ; � ) ; (3)

1 In e+ e� ! 
 � !  0, the polarization of the  0 along the beam axis is � 1, so the density matrix giving

the polarizations in the direction of the beamaxis (the z-axis) is given by � ( � 0~� 0) = � � ( � 0)
1 � ( ~� 0)

1 + � � ( � 0)
2 � ( ~� 0)

2 ,

where � ( � ) is the polarization vector for helicity � de�ned with components � (1) = 1=
p

2(� 1; � i; 0),

� (0) = (0; 0; 1) and � ( � 1) = � � (1) � = 1=
p

2(1; � i; 0). Generalizing to an arbitrary direction n̂ �

(sin � 0cos� 0; sin � 0sin � 0; cos� 0), we �nd that the density matrix � for  0 is

� ( � 0;~� 0) (� 0; � 0) =
X

i;j

� � ( � 0)
i � ( ~� 0)

j

�
� ij � n i nj �

:

Similarly for the J= with m̂ � (sin � cos�; sin � sin �; cos� ), we �nd the density matrix is

� ( �; ~� ) (� ; � ) =
X

i;j

� � ( � )
i � ( ~� )

j

�
� ij � m i mj �

:
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wheredJ �
� 0� are standard Wigner d-functions [10].

The helicity amplitudes A � (with 0 � � � J� ) are related to the multip ole amplitudes
aJ 
 (with 1 � J
 � J� + 1), using the Clebsch-Gordan coe�cien ts hj 1; m1; j 2; m2jJ; M i , by

AJ �
� =

X

J 


s
2J
 + 1
2J� + 1

a
J �
J 


hJ
 ; 1;1; � � 1jJ� ; � i ; (4)

with an identical relationship for B � 0 and bJ 
 0. These expressionslead to the following
relationshipsfor the J� = 1 and J� = 2 cases,respectively:
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0
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0
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0

B
@

AJ =2
0

AJ =2
1

AJ =2
2

1

C
A =

0

B
B
B
@

q
1
10

q
1
2

q
2
5q

3
10

q
1
6 �

q
8
15q

3
5 �

q
1
3

q
1
15

1

C
C
C
A

0

B
@

aJ =2
1
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1

C
A : (6)

The relationshipsbetweenB � 0 and bJ 
 0 are identical; just swap all A � and aJ 
 with B � 0 and
bJ 
 0 in Eqs. (4){(6). Thesetransformation matricesare norm-preserving,sincethe matrices
are orthogonal.

C. Quark magnetic momen ts

If we de�ne E1, M2, and E3 to be the electric dipole, magneticquadrupole, and electric
octupole amplitudes, respectively, the magnetic quadrupole amplitudes are related to the
anomalousmagneticmoment of the charm quark � c by

aJ =1
2 �

M 2
p

E12 + M 22
= �

E 


4mc
(1 + � c) (7)

aJ =2
2 �

M 2
p

E12 + M 22 + E32
= �

3
p

5

E 


4mc
(1 + � c) (8)

bJ =1
2 �

M 2
p

E12 + M 22
=

E 
 0

4mc
(1 + � c) (9)

bJ =2
2 �

M 2
p

E12 + M 22 + E32
=

3
p

5

E 
 0

4mc
(1 + � c) : (10)

Theseexpressionsarecorrect to �rst order in E 
 =mc or E 
 0=mc, assumingthat the  (1S;2S)
are pure S states (no mixing with D states) and that the � c states are pure P states (no
mixing with F states) [3, 11].2

These�rst order relationshipsare derived from the non-relativistic interaction Hamilto-
nian for photon emissionfrom a +2/3 chargedquark:

H I = �
ec

2mc
(A � � p + p � A � ) � �� � H � (11)

2 Note the misprint in [11] for their equation (41) describingaJ =2
2 to �rst order. This misprint waspreviously

noted in footnote 1 of Ref. [12].
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whereec � 2
3 jej, � � (ec=2mc)(1 + � c), A � is the vector potential of the emitted photon, and

H � � r � A � is the magnetic �eld of the emitted photon (both A � and H � are complex
conjugatedsincethe photon is outgoing). Weomit a spin-orbit term of the sameorder which
doesnot a�ect the M2 contribution [2, 13].

The ratios of the predicted multip ole amplitudes given by Eqs. (7){(10) are independent
of mc and � c to �rst order:

 
aJ =1

2

aJ =2
2

!

th

=
E J =1




E J =2



p
5

3
= 0:676� 0:071 ; (12)

 
aJ =1

2

bJ =1
2

!

th

= �
E J =1




E J =1

 0

= � 2:27� 0:16 ; (13)

 
bJ =2

2

bJ =1
2

!

th

=
E J =2


 0

E J =1

 0

3
p

5
= 1:000� 0:015 ; (14)

 
bJ =2

2

aJ =2
2

!

th

= �
E J =2


 0

E J =2



= � 0:297� 0:025: (15)

As the individual amplitudeshave correctionsof order (E 
 =mc)2, we conservatively assigned
each multip ole amplitude a fractional uncertainty equal to (E 
 =mc)2 (using mc = 1:5GeV,
� c = 0) which was the dominant sourceof uncertainty in Eqs. (12){(15).

The E3 amplitudes are expectedto be small in view of the few-percent admixture of the
13D1 state in the  0. Although they are found to be complex in Ref. [11], we shall include
them in �ts assumingthat they are real.

D. Lattice QCD predictions

Dudek et al. [14, 15] performed lattice QCD calculations for the charmonium radiative
transitions � (c1;c2) ! 
 J= . They ran lattice simulations at variousvaluesof Q2 (the square
of the four-vector of the photon, which is 0 for real photons) and extrapolated to Q2 ! 0
by �tting the data points to the form E1(Q2) = E1(0)(1 + �Q 2) exp(� Q2=(16� 2)).

For the transition � c1 ! 
 J= , when extrapolating the amplitudes for E1 and M 2 to
Q2 ! 0 individually, they found that

M 2(Q2 ! 0)
E1(Q2 ! 0)

=
� 0:020� 0:017

0:23� 0:03
= � 0:09� 0:07 (16)

They concludethat, without data points at smaller Q2 or certainty about the form fac-
tors for the Q2 dependence,they cannot make a particularly meaningful comparisonwith
experimental values[15].

Similarly for the transition � c2 ! 
 J= , they �nd the multip ole amplitudes asQ2 ! 0:

M 2(0)
q

E1(0)2 + M 2(0)2 + E32(0)
= � 0:39� 0:07 ; (17)

E3(0)
q

E1(0)2 + M 2(0)2 + E32(0)
= 0:010� 0:011 : (18)
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I I I. PRIOR EXPERIMENT AL RESUL TS

Previous experimental results disagreedwith theory which predicted ratios given in
Eqs. (12){(15). The ratios of the averagesof previous experimental valuescomparedwith
theory valuesare

 
aJ =1

2

aJ =2
2

!

exp

=
� 0:002� 0:020
� 0:13� 0:05

= 0:02+0 :17
� 0:16

?=

 
aJ =1

2

aJ =2
2

!

th

= 0:676 (19)

 
aJ =1

2

bJ =1
2

!

exp

=
� 0:002� 0:020
0:077� 0:050

= � 0:02+0 :30
� 0:32

?=

 
aJ =1

2

bJ =1
2

!

th

= � 2:27 (20)

 
bJ =2

2

bJ =1
2

!

exp

=
0:132� 0:075
0:077� 0:050

= 1:5+2 :2
� 1:1

?=

 
bJ =2

2

bJ =1
2

!

th

= 1:000 (21)

 
bJ =2

2

aJ =2
2

!

exp

=
0:132� 0:075
� 0:13� 0:05

= � 1:01+0 :60
� 0:93

?=

 
bJ =2

2

aJ =2
2

!

th

= � 0:297 : (22)

The �rst two ratios which involve the multip ole amplitudes that have the most statistical
signi�cance strongly disagreewith their theoretical predictions. As the ratios are indepen-
dent of mc, � c and any speci�c quarkonium potential model to �rst order in E 
 =(4mc), we
expect good agreement between theory and experiment. Tables I and I I summarize the
results from previousexperiments for J � = 1 and J� = 2, respectively.

TABLE I: Previous experimental values vs. theoretical predictions for the normalized magnetic
quadrupole amplitude for the decays � c1 ! 
 J= (aJ =1

2 ) and  0 ! 
 0� c1 (bJ =1
2 ). The Crystal Ball

experiment at SPEAR used 921 events of e+ e� !  0 ! 
 0� c1 ! 
 0
 J= ! 
 0
 `+ ` � to measure
both multip ole amplitudes. The E-835 experiment used2090p�p ! � c1 ! 
 J= ! 
 `+ ` � events
to measurethe multip ole amplitude aJ =1

2 . The CLEO-c data sample has ' 40000e+ e� !  0 !

 0� c1 ! 
 0
 J= ! 
 0
 `+ ` � events after applying selectioncriteria.

Experiment aJ =1
2 bJ =1

2 Signal Events

Crystal Ball [16, 17] � 0:002+0 :008
� 0:020 0:077+0 :050

� 0:045 921
E-835 [12] 0:002� 0:032� 0:004 2090
Theory (mc = 1:5GeV) � 0:065(1+ � c) 0:029(1+ � c)

IV. DETECTOR, DATA, AND MONTE CARLO

A. The CLEO detector

Data were acquiredat the  0 resonanceat
p

s = 3:686GeV using the CLEO-c detector
located at the Cornell Electron StorageRing (CESR), a symmetrical e+ e� collider [20, 21].
The solid angle for detecting both charged and neutral particles is 93% of 4� . The pho-
tons were detectedas showers in a CsI (Tl) calorimeter consistingof 7784crystals, which
achieved a photon energyresolution of 2.2%at 1GeV and 5% at 100MeV. The azimuthal
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TABLE I I: Experimental valuesvs. theoretical predictions for the normalized magnetic quadrupole
amplitudes for the decays � c2 ! 
 J= (aJ =2

2 ) and  0 ! 
 0� c2 (bJ =2
2 ). The Crystal Ball experiment

at SPEAR used441events of e+ e� !  0 ! 
 0� c2 ! 
 0
 J= ! 
 
 0̀ + ` � to measureboth multip ole
amplitudes. The E-760 and E-835 experiments used 1904 and 5908 p�p ! � c2 ! 
 J= ! 
 `+ ` �

events, respectively, to measurethe multip ole amplitude aJ =2
2 . The BES-II experiment searched

for the multip ole amplitudes in a novel method looking at 418 0 ! 
 � c2 ! 
 � + � � events and 303
 0 ! 
 � c2 ! 
 K + K � events, and the BES-II �t also found a value of bJ =2

3 = � 0:027+0 :043
� 0:029. The

CLEO-c data samplehas ' 20000e+ e� !  0 ! 
 0� c2 ! 
 0
 J= ! 
 0
 `+ ` � events after applying
selectioncriteria.

Experiment aJ =2
2 bJ =2

2 Signal Events

Crystal Ball [16, 17] � 0:333+0 :116
� 0:292 0:132+0 :098

� 0:075 441
E-760 [18] � 0:14 � 0:06 1904
E-835 [12] � 0:093+0 :039

� 0:041 � 0:006 5908
BES-II [19] � 0:051+0 :054

� 0:036 731
Theory (mc = 1:5GeV) � 0:096(1+ � c) 0:029(1+ � c)

and polar angular resolution for 100MeV photons is � � azim � 11 mrad (19 mrad) and
� � p olar � 0:8� � azim sin� polar (10 mrad) in the barrel (endcap) region of the crystal calorime-
ter. Chargedparticles were detectedusing a set of two cylindrical drift chambers enclosed
within a superconductingsolenoidwith a 1.0 T magnetic�eld directed alongthe beamaxis.
The outer drift chamber achieved a momentum resolution of � 0:6% at p = 1GeV and an
azimuthal and polar angular resolution of � � azim � 1 mrad and � � p olar � 4 mrad [20]. (In
this article, c = 1 in massand momentum units.) The inner six-layer stereodrift chamber
is usedto accurately measurethe location of chargedparticles along the beamaxis.

B. Data sets and exp ected num ber of events

For our analysis,we usedthe recent CLEO-c data set taken at the  0 events consisting
of a sampleof (24:45� 0:49)� 106  0 events with a total luminosity of 48.07/pb [22]. Using
known branching fractions [10]and the known sizesof the CLEO data sample,we canexpect
that 91900� 6600J � = 1 signal events and 48200� 3600J � = 2 signal events are originally
present in the data sample.

C. Phase space Mon te Carlo

For each of the decay sequences(J � = 1 and J� = 2), a 4.5 million event phasespace
Monte Carlo (MC) data samplewas generated. The phasespaceMC was generatedwith
EvtGen [23] with �nal state radiation simulated with PHOTOS [24].

The purposesof the phasespaceMonte Carlo are threefold. First, it is usedto account
for the variable angular e�ciency of the detector after selectioncriteria have beenapplied,
when performing the maximum likelihood �t (seeSec.VI A). Second,the phasespaceMC
events are usedto simulate signalMC with non-zeromultip ole amplitudes, a2; b2 (and a3; b3
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for J� = 2) via the rejectionmethod. This is achievedby taking the �v eangles� 0; � 0; � 
 
 0; � ; �
for each phasespaceevent and calculating the probability of that event occurring at those
anglesfor the PDF W(
; A 0) with the input valuesof the multip ole amplitudes A 0. The
probability for the event occurring at that angle is then comparedto a random number
uniformly distributed between0 and 1. Then, our simulated signal MC obeying the PDF
W(
; A 0) consistsof the events that are more probable than the corresponding random
numbers. The third purposeof the phasespaceMonte Carlo is to generateprojections to
overlay upon histogramsof data values. For example,after a �t to data extracts valuesof
a2; b2 for a J� = 1 �t, the phasespaceMC can be usedto generateprojections in the �v e
angleswith the �tted valuesof a2; b2 to be comparedwith the data.

D. Generic Mon te Carlo

In order to properly simulate feed-acrossinto the selecteddata samplefrom non-signal
 0 decays, a \generic" MC samplewasprepared. This sampleconsistsof approximately 120
million  0 decays, using our best estimate for all measuredbranching fractions [10, 22, 25{
33] and matrix elements for the decays of  0 and its decay products; unmeasuredhadronic
decays are simulated using JETSET [34].

V. SELECTION CRITERIA

Selectioncriteria were optimized basedon a Monte Carlo data set consisting of back-
ground events from �v e 24 million event  0 generic MC data sets. The signal events
( 0 ! 
 0� (c1;c2) ! 
 0
 J= ) were replaced with phasespaceMC events selectedto have
the desireda2 and b2 admixture (via the rejection method as described in Sec.IV C). This
tuning of the selectioncriteria wasdesignedto eliminate the non-signal\impure" background
events, while selectingthe largestnumber of signalevents. For kinematic regionsin which it
wasuncertain how to apply selectioncriteria, we attempted to minimize the quadraturesum
of the statistical uncertainty from signalevents and the systematicuncertainty from impure
events. Many of the starting points for our selectioncriteria are taken from a CLEO-c study
[22] of  0 ! h + J= branching fractions that included our signal decays.

All tracks and showers investigatedare required to passstandard CLEO-c criteria prior
to any attempts at kinematic �tting. For tracks, we ensurethat the track originated from
near the interaction point (r 0 < 2 cm and jz0 � zi :p:j < 10 cm), is from the well-modeled
region of the barrel (j cos� polar j < 0:83) or the endcap(0:85 < j cos� polar j < 0:93), and has
a momentum between 1% (18:4MeV=c) and 120%(2:21GeV=c) of the beam momentum.
The requirement for a shower is that it is not be matched to a track, has j cos� polar j < 0:79
or 0:85 < j cos� polar j < 0:93, and hasan energybetween1% and 120%of the beamenergy.

All candidate events require at least two tracks and two showers to be identi�ed. The
two tracks and two showers used(if more are present) will be those with the greatesten-
ergies. Two kinematic �ts are then performed to generatethe four 4-vectors used in the
analysis. First, a 1C kinematic �t to the J= mass is performed starting with the two
tracks, allowing shower(s) identi�ed as bremsstrahlung photons to be associated with a
track. Bremsstrahlungphotons are identi�ed if a shower that is not matched to a track is
located within 100mrad of the initial momentum vector of a track. If bremsstrahlungpho-
tons are identi�ed, the lepton four-vector usedis the sumof the kinematically �t 4-vectorsof
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the lepton plus all associated bremsstrahlungphotons. Second,a 4C kinematic �t to the  0

4-vector is performedand the result of this �t is then subjected oncemoreto the original 1C
�t. The  0 4-vector is calculated from the angleat which the electron and positron beams
intersect(4 mrad) and the beamenergyof the given run. For both the 1C and 4C kinematic
�ts, we require the reduced� 2 for both the vertex and kinematic �t to be lessthan 16 as
shown in Fig. 3. This value was found by minimizing the quadrature sum of the impurit y
systematicuncertainty and statistical uncertainty.

To identify signal events through the J � radiative cascade,we require the reconstructed
� cJ massto be within 15 MeV of the true � cJ massas constructedby adding the J= and

 four-vectorstogether:

m� cJ =
q

jpJ= + p
 j2 =
q

jp`+ + p` � + p
 j2 (23)

We do not apply a selectioncriterion basedon the other � cJ massreconstructedfrom the
 0 and 
 0, as the 4C kinematic �t ensuresthat this criterion is redundant (seeFig. 4).

Signalevents must alsohave the J= decay to e+ e� or � + � � , sowe require the two tracks
to bewell-identi�ed asboth beingelectronsor muons. Weachieve this by looking at the ratio
of the energydeposited in the calorimeter to the momentum of the track (E=p). We identify
both tracks aselectronsif the smallerE=pratio is greater than 0.5 and the larger E=pratio
is greater than 0.85. Similarly, we identify both tracks as muons if (E=p)smaller < 0:25 and
(E=p) larger < 0:5. This results in a cleane{ � separation.

To restrict major sourceof background, we apply additional criteria to addressthe modes
with large branching fractions:

B( 0 ! � 0� 0J= ) = (16:84� 0:33)%
B( 0 ! � J= ) = (3:16� 0:07)%

B( 0 ! � 0J= ) = (1:26� 0:13) � 10� 3 (24)

The dominant background mode  0 ! � 0� 0J= ! 
 
 
 
 `+ ` � is reduced by requir-
ing the third most energetic shower in the event (excluding those photons identi�ed as
bremsstrahlungphotons) to havean energyof lessthan 30MeV. To reducethe contributions
of the background modeswith monochromatic J= momentum,  0 ! � J= ! 
 
 J= and
 0 ! � 0J= ! 
 
 J= wherep(J= )j  0! � J= = 199MeV and p(J= )j  0! � 0J= = 528MeV,
we require the J= momentum to lie between240MeV and 510MeV: Note that the signal
transition generatesno events with a J= momentum below 238 MeV/ c (318 MeV/ c for
J� = 2) or above 542MeV/ c.

Summary of criteria:

1. Requireall reduced� 2 from kinematic �ts to be lessthan 16 (including vertex �ts).

2. Require for J= ! � + � � that (E=p) larger < 0:5 and (E=p)smaller < 0:25, and for
J= ! e+ e� that (E=p) larger > 0:85 and (E=p)smaller > 0:5.

3. Require that the � cJ massconstructed from m =
q

jpJ= + p
 j2 be within 0:015GeV
of m� c(1 ;2)

= (3:511; 3:556)GeV.

4. Require that the J= momentum be between0:24GeV and 0:51GeV.
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5. Require that the energyof the third most energeticshower be lessthan 30 MeV.

6. Standard requirements for \good" tracks and showers as described above.

Someplots describingthe variablesbeing usedfor selectioncriteria are shown in Figs. 3
and 4. For each variable consideredfor useas a selectioncriterion, we apply all the above
criteria for events from both the 24.45million  0 sampleand from the �v efold genericMonte
Carlo for the run conditions of that sample. In the histograms, we scalethe 120M event
�v e-fold sampleto the total number of events in the data histogram.

VI. FITTING THE DATA

A. Basic approac h and pro cedure

We �nd the multip ole amplitudesby performing a maximum likelihood �t of the selected
data events to the probability distribution function (PDF) W(
; A ) givenby Eq. (3). Events
areselectedaccordingto the criteria described in Sec.V and each event is described by a set
of �v e angles
 � (� 0; � 0; � 
 
 ; � ; � ) de�ned in Fig. 2. The PDF W(
; A ) givesthe probability
for an event with angles
 to occur given a set of multip ole amplitudes A � (ai ; bj ). The
PDF in Eq. (3) is written in terms of helicity amplitudes, but can be written in terms of
multip ole amplitudes as W(
; A ) using Eq. (4). The total likelihood for Nd data events to
be described by W(
; A ) is

L W (A ) �
NdY

d=1

W(
 d; A ): (25)

The initially unknown angular detector e�ciency � (
) describes the probability that an
event occurring at the angles
 will be registeredby the detector and passthe selection
criteria. We de�ne a new normalizedPDF to account for this detector e�ciency � (
):

F (
; A ) �
� (
) W(
; A )

R
� (
 0)W(
 0; A )d
 0

(26)

and note that the original PDF W(
; A ) is of the form

W(
; A ) =
X

ij kl

ai aj bkblGij kl (
) : (27)

The functions Gij kl (
) are obtained from the expressionfor W(
; A ), so this form allows
separationof the parametersbeing determined (the multip ole amplitudes A) and the data
points (the angles
). This allows us to write the denominator of the PDF in Eq. (26) as

Z
� (
 0)W(
 0; A )d
 0 =

Z
� (
 0)

X

ij kl

ai aj bkbl Gij kl(
 0)d
 0

=
X

ij kl

ai aj bkbl

Z
� (
 0)Gij kl(
 0)d
 0

=
X

ij kl

ai aj bkbl I ij kl
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FIG. 3: Maximum reduced� 2 in all kinematic �ts (including vertex �ts) in genericMonte Carlo and
data. Events with a maximum reduced� 2 below 16 (the dashedvertical line) are kept. Cumulativ e
totals for the number of signal and impurit y background events are also plotted for each potential
value of a maximum reduced� 2. (a) J� = 1 and (b) J � = 2.
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FIG. 4: Plot of the � cJ massas calculated from subtracting the four-vector of the 
 0 from the  0

four-vector. This variable is not usedas a selectioncriterion becausethe 1C and 4C kinematic �ts
ensurethat this criterion is redundant with the � c1 massselectioncriterion generatedby adding
the J= and 
 four-vectors. (a) J � = 1 and (b) J � = 2.
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wherethe detector-e�ciency-dependent integrals I ij kl �
R

� (
 0)Gij kl (
 0)d
 0 are independent
of the �tting parametersA . The integrals I ij kl can be approximated by a Monte Carlo
numerical integration technique. Using a large sampleof phasespaceMonte Carlo events
(Sec. IV C) generateduniformly in the �v e angles (cos� 0; � 0; cos� 
 
 0; cos� ; � ), we record
whether each phasespaceMC event is reconstructedand passesthe selectioncriteria. Using
the known angular functions Gij kl (
), we approximate the integral I ij kl as

I ij kl �
Z

� (
 0)Gij kl (
 0)d
 0

�=
1

Nphsp

NphspX

p=1

�( p)Gij kl (
 p) (28)

where�( p) is 1 (0) if the pth phasespaceevent is (not) reconstructedand Nphsp is the total
number of phasespaceevents.

To �nd the most likely form of the parametersA given the PDF F (
; A ), we �nd the
valuesof the parametersA that maximize the logarithm of the likelihood, which is given by
Eq. (25) with the PDF F insteadof W. The logarithm of the likelihood that the parameters
A in the PDF F (
; A ) describe the Nd data events occurring at angles
 d is

logL (A ) � log
NdY

d=1

F (
 d; A ) =
NdX

d=1

logF (
 d; A )

=
NdX

d=1

[log� (
 d) + logW(
 d; A ) � logai aj bkbl I ij kl ] : (29)

The �rst term in logL is independent of the A , so the log likelihood only dependson the
detectore�ciency through the phasespaceintegrals. Wereducethe number of parametersin
the �t by recognizingthat the multip ole amplitudes are normalized(e.g., a2

1 + a2
2 + a2

3 = 1).
This method of performing an unbinned maximum likelihood over an angularly varying
detector e�ciency was �rst developed in Ref. [35]. The multi-dimensional optimization of
logL 0(A ) was achieved using the Minuit Migrad variable-metric �tting routine [36].

B. Statistical results of �v e-angle �ts

1. J� = 1 �ts

The result of the two-parameter �t to the J � = 1 data is aJ =1
2 = � 0:0611� 0:0063,

bJ =1
2 = 0:0281� 0:0073,basedon 39363events. The e�ciency integrals in the denominator

were calculated by simulating 4.5 million phasespaceMC events taking account of the
detector geometryand selectioncriteria; 39.6%of events were reconstructed. Contours are
shown in Fig. 5(a) of

p
2� logL , where � logL is the di�erence in log likelihood between

the �tted valuesof a2; b2 and any other values. For a pure E1 transition (a2 = b2 = 0) the
value of � E1 �

p
2� logL is 11:1.

The projections of the data in each of the �v e anglesmay be comparedwith curves
basedon a pure E1 distribution and on the �tted M2/E1 admixture. The angle � is of
particular importance as it is the angle that most clearly shows the preferenceof the data
for an M2/E1 admixture over a pure E1 transition. The projection for cos� 0 also shows
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FIG. 5: (a) J � = 1 and (b) J � = 2 log likelihood contours as functions of (a2; b2) for two-
parameter �ts. The �tted values(the solid squares)are (a2; b2) = (� 0:0611; 0:0281) for J � = 1 and
(a2; b2; a3; b3) = (� 0:093; 0:010; 0; 0) for J � = 2. Theseare, respectively, 11:1� and 6:2� from pure
E1 (the solid circles). The theoretical values to �rst order in E 
 =mc with � c = 0 are given by the
dashedlines.
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slightly better agreement with data with the �tted M2/E1 admixture than with a pure E1
transition. For the 50-bin histograms in cos� , the reduced� 2 (� 2=Nd:o:f :) comparing the
data with the projection at the �tted valuesis 42:7=47 = 0:91, while data and the pure E1
projection have a � 2=Nd:o:f : of 108:5=49 = 2:21. 3

Using the parity transformationsdescribed in Ref. [17],we can fold four of the �v e angles
into the positive domain without modifying the value of the likelihood calculated through
W(
; A ). In Fig. 6(a) we show that the data are well-matched with the projection in j cos� j
with the �tted valuesof A , but poorly matched with the pure-E1 j cos� j projection.

When we �x the ratio of the parameters to the theoretical ratio, given by Eq. (13),
aJ =1

2 =bJ =1
2 = � 2:274, we can perform a one-parameter�t to the �v e-angleJ � = 1 data set.

The result of this one-parameter�t is aJ =1
2 = � 0:0615� 0:0055, bJ =1

2 = � aJ =1
2 =2:274 =

0:0271� 0:0024,with a value of � E1 =
p

2� logL = 11:1) nearly identical to the results of
the two-parameter�t. The results of thesetwo �ts are comparedin Table I I I.

TABLE I I I: J � = 1 �v e-angle �t results. The �ts were performed on 39363 events satisfying
the selection criteria described in Sec.V. The di�erence in the log likelihood between the �tted
distribution and a pure E1 distribution corresponds to � E1 �

p
2� logL = 11:1.

Fit aJ =1
2 � a2 bJ =1

2 � b2 � E1

10� 2 10� 2 10� 2 10� 2

Two-parameter � 6:11 0.63 2.81 0.73 11.1
One-param. (a2=b2 = � 2:274) � 6:15 0.55 2.71 0.24 11.1
Theory (mc = 1:5GeV) � 6:5(1 + � c) 2:9(1 + � c)

2. J� = 2 �ts

As the J� = 2 PDF is parameterizedby four multip ole amplitudes (a2; b2; a3; b3), there
are several choicesof �ts to be performed. The simplest would be a two-parameter�t with
a3 = b3 = 0, as the E3 amplitudes should be zero in the absenceof signi�cant S{D state
mixing. For this type of �t to the 19755signal events, we �nd aJ =2

2 = � 0:093� 0:016,
bJ =2

2 = 0:010� 0:013with these�t valuesfavored by 6:2� over a �t with pure E1.
Allowing for S{D mixing in the  0 state, the bJ =2

3 amplitude may be non-zero.When we
perform a three-parameter�t (setting aJ =2

3 = 0), we �nd aJ =2
2 = � 0:093� 0:016, bJ =2

2 =
0:007� 0:013,bJ =2

3 = � 0:008� 0:011, favored by 6:3� over pure E1.
When we allow a non-zerobJ =2

3 amplitude, but �x the ratio of � J =2
2 =� J =2

2 = � 3:367 by
Eq. (15), we can perform a two-parameter�t that allows for S � D mixing in the  0 state.
The results of this two-parameter �t are aJ =2

2 = � 0:092� 0:016, bJ =2
2 = � aJ =2

2 =3:367 =
0:027� 0:005,bJ =2

3 = � 0:001� 0:011, favored by 6:1� over pure E1.

3 The number of degreesof freedomNd:o:f : = Nbins � Nparams � 1 where Nbins is the number of bins in the

histogram, and Nparams is the number of free parameters in the �t. The minus one accounts for the fact

that the projections are normalized to contain the samenumber of events as the original data set.
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FIG. 6: (a) J � = 1 and (b) J � = 2 projections of cos� after using parit y transformations to fold
the data set into positive cos� 0; � 0; cos� 
 
 0; cos� . For J � = 1 (J� = 2) the values of � 2=Nd:o:f :

for the 25 bin histogram describing the data to correspond with the two-parameter (a2; b2) �tted
projection are 16:2=22 = 0:74 (20:3=22 = 0:92) and to correspond with the pure E1 projection
are 80:29=24 = 3:35 (35:5=24 = 1:48). The �tted and pure E1 projections are selectedfrom the
samephasespaceMC sample(via the rejection method), resulting in the correlation of statistical

uctuations in the two projections.
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When we perform the �t for the full four parameters (a2; b2; a3; b3), we �nd aJ =2
2 =

� 0:079� 0:019,aJ =2
3 = 0:002� 0:014,bJ =2

2 = 0:017� 0:014,bJ =2
3 = � 0:008� 0:012, favored

by 6:4� over pure E1.
For the �v e-angle�t with two parameters,we plot the data with the pure E1 projection

and the �tted value projection of j cos� j in Fig. 6(b). As for J � = 1, the �tted valuesmatch
the data better than the pure E1 projection.

The resultsof the above �ts aresummarizedin TableIV. In all casesthere is at least6:1�
evidencefor multip olesbeyond E1 in the transition  0 ! 
 0� c2 ! 
 0
 J= . The contours forp

2� logL for a2 vs b2 for the two-parameter�ts are shown in Fig. 5(b); the contours for all
other pairs of variablesfor all the �ts are Gaussian-shaped with a single local maximum.

TABLE IV: J � = 2 �v e-angle �t results. The �ts were performed on the 19755 signal events
satisfying the selectioncriteria described in Sec.V. All amplitudes and uncertainties in the table
are in units of 10� 2. The theory prediction for aJ =2

3 is zeroasJ= is not expectedto havesigni�cant
S � D mixing, while the theory prediction for bJ =2

3 is dependent on  0 S � D mixing parameters
and the quarkonium potential model. � E1 �

p
2� logL is the number of standard deviations by

which the �tted value di�ers from the pure E1 value.

Fit aJ =2
2 � a2 bJ =2

2 � b2 aJ =2
3 � a3 bJ =2

3 � b3 � E1

10� 2 10� 2 10� 2 10� 2 10� 2 10� 2 10� 2 10� 2

Two-parameter � 9:3 1.6 1.0 1.3 0 - 0 - 6.2
Three-parameter � 9:3 1.6 0.7 1.3 0 - � 0:8 1.2 6.3
Two-param. (b2 = � a2

3:367) � 9:2 1.6 2.7 0.5 0 - � 0:1 1.1 6.1
Four-parameter � 7:9 1.9 0.2 1.4 1.7 1.4 � 0:8 1.2 6.4
Theory (mc = 1:5GeV) � 9:6(1 + � c) 2:9(1 + � c) 0 Model dep.

VI I. SYSTEMA TIC UNCER TAINTIES

Wenow present the resultsof systematicstudiesfor the �ts to the �v e-angledistributions
performedin the previoussection. For J � = 1, we perform all systematicstudieson the two-
parameter �t (a2; b2), as the one-parameter�xed-ratio �t producesnearly identical results.
However, for J� = 2, there are four typesof �v e-angle�ts:

� Two-parameter�t (a2; b2) with a3 � b3 � 0 (no S{D or P{F mixing),

� Three-parameter�t (a2; b2; b3) with a3 � 0, relevant for a D-wave admixture in the  0,

� Fixed-ratio two-parameter�t (a2; b3) with b2 � � a2=3:367and a3 � 0, and

� Four-parameter�t (a2; b2; a3; b3).

In this paper, we describe in detail the systematicstudiesfor the J � = 1 caseand the J� = 2
casewherea3 = b3 � 0. Systematicstudiesfor the other three J � = 2 casesare discussedin
detail in Ref. [37].
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For many investigationsinto a possiblesystematicuncertainty, weperform an ensemble of
�ts on samplesof signalevents selectedfrom a phasespacedata set via the rejection method
to follow W(
; A 0) for a given input set of multip ole parameters.For each multip ole a, we
calculate the following parametersfrom the results of theseensemblesof �ts, with Nens MC
events in each member of the ensemble:

� hai , the meanof the �tted multip ole amplitude over the ensemble of tests,

� � ens
a , the standard deviation corresponding to the variation of the �tted multip ole

amplitude over the ensemble of tests,

� � �t
a , the (mean of the) nominal uncertainty from each individual likelihood �t to mul-

tip ole amplitude,

� � hai , the deviation of the meanfrom the MC-generatedvalueof the amplitude in units
of the expecteddeviation of the mean� hai = � �t =

p
Nens de�ned as:

� hai =
hai � aInput

� �t
a =

p
Nens

, and (30)

� � � (a) , the deviation of the standard deviation when a potential systematic e�ect is
present comparedto the standarddeviation without the e�ect beingpresent (in units of
the expected
uctuation the best estimateof the standard deviation from an ensemble
of N measurements � � = � =

p
2N [10, Sec.32.1.1]),de�ned as:

� � (a) =
� with syst � � without syst

� =
p

2Nens
. (31)

For � �t we list the meanof the nominal uncertainty, but for all tests performedthe nominal
uncertainty from every likelihood �t in the ensemble wasessentially constant to the level of
precisionquoted.

For all of the systematic tests from ensembles of measurements, we assigna systematic
uncertainty if either (a) we �nd that there is a signi�cant bias j� hai j > 1 or if (b) there is an
uncertainty that widensthe ensemble distribution above the expectedstatistical 
uctuation
evidencedby � � (a) > 1.

A. Toy MC check of �tting pro cedure

To test the accuracyof the �tting proceduredescribed in Sec.VI A an ensemble of toy
Monte Carlo �tting trials was performed. For each trial, we generateda large number of
phasespaceevents, where each event is described by �v e random numbers for each of the
variables(cos� 0; � 0; cos� 
 
 0; cos� ; � ) uniformly distributed over their ranges.

We generateda set of toy signal Monte Carlo events by selectingevents from a separate
MC phasespacedata set via the rejection method, sothe events are described by W(
; A 0)
for an input set of multip ole parametersA 0.

To test the J� = 1 (J� = 2) �ts, we performedan ensemble of 200toy MC trials in which
each trial had Nsig = 40000(20000)signal events after selectioncriteria were applied. We
analytically calculatedthe phasespaceintegrals,asthe toy MC wasthrown at 100%detector
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e�ciency . In assigningthe systematic uncertainty, we set the multip ole amplitudes of the
toy signal Monte Carlo to be aJ =1

2 = � 0:065, bJ =1
2 = 0:029, (aJ =2

2 = � 0:096, bJ =2
2 = 0:029,

aJ =2
3 = 0, bJ =2

3 = 0) the expected value if � c = 0 to �rst order in E 
 =mc. Fits with
other values of input parametersrecover the input results to similar precision. We �nd
no systematicbias or uncertainty is associated with the �tting proceduredescribed in this
method, as the ensemble of trials is Gaussian-distributed with a width according to the
statistical uncertainty.

B. Amoun t of phase space Mon te Carlo needed for e�ciency in tegrals

The e�ciency integrals are calculatedvia Monte Carlo integration with a large data set
of phasespaceMonte Carlo, as shown in Eq. (28). Using too few phasespaceMonte Carlo
events would give poor approximations to the e�ciency integrals, introducing an overall
systematicuncertainty to the results of the maximum likelihood �t.

To test for the minimum number of phasespaceevents needed,we performedensembles
of thirt y-one J� = 1 (thirt y-seven J� = 2) simulations, using di�erent numbers of phase
spaceMonte Carlo events when estimating the e�ciency integrals. In each simulation, we
randomly select39650� 120 (19650� 70) phasespaceevents using rejection so that they
follow the W(
; A 0) for an input value corresponding to mc = 1:5GeV; � c = 0. We also
randomly selecta subsetof events to useto calculate the e�ciency integrals for each trial.
A systematicuncertainty would be evident if the ensemble of tests had a signi�cantly larger
variation than the standarddeviation of a single�t. We�nd no signi�cant di�erence between
thesetwo quantities if the number of phasespaceevents is at least105. As we use4.5million
phasespaceevents for the normalization, we do not assigna

C. Impurit y systematic uncertain ties

For the J� = 1 (J� = 2) selectioncriteria, approximately 0:23% (0:29%) of the events
that passthe selectioncriteria are not signal events, but a background mode that must be
consideredfor the possibility of introducing a systematicbias or uncertainty to our result.
Taking our �v e-fold genericMonte Carlo data set and splitting it into �v e independent data
sets,we �nd the background impurities shown in Table V (Table VI).

For each of the �v e independent genericMC impurit y backgrounds, we perform an en-
semble of 31 (37) trials with and without the impurit y background events present. For each
trial, we replacethe signalevents originally present with phasespaceevents selectedvia the
rejection method to comeup with many independent data sets. For each trial we perform
one�t with no impurities present and one�t with the impurities. For a given set of impure
background events, we �nd that the biasdueto impurities variesvery little betweendi�erent
trials. In Table VI I (Table VI I I), we list the di�erence from the �t with no impurities. For
J� = 1, we �nd a signi�cant impurit y bias that is relatively constant amongall �v e setsof
impure events, sowe correct our �tted result for this impurit y bias and assigna systematic
uncertainty of half of the bias. For the J � = 2 case,we �nd that the impurit y bias signif-
icantly 
uctuates betweenbackground data sets, so we assigna systematic uncertainty of
the sizeof the 
uctuation of the impurit y bias.
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TABLE V: Impurities in each of the �v e generic MC data samples,after applying the J � = 1
selection criteria. Our selection criteria give us a purit y of 99.77%and an e�ciency of selecting
39.6% of the original signal events. The main sourcesof impurit y background modes are  0 !
� 0� 0J= and  0 ! 
 0� c1 (where the � c1 decay was not to 
 J= followed by J= ! `+ ` � ).

Event type GenMC A GenMC B GenMC C GenMC D GenMC E Total
Signal events selected 39701 40207 39460 39662 39429 198459
Impure events 93 82 105 95 87 462
Signal e�ciency 39.6% 39.7% 39.4% 39.6% 39.6% 39.6%
Purit y 99.76% 99.80% 99.73% 99.76% 99.78% 99.77%
� 0� 0J= 50 47 64 53 50 264
� 0J= 0 0 0 0 0 0
� J= 2 0 2 1 0 5

 0� c0 10 5 7 5 8 35

 0� c1 (non-signal) 26 28 26 31 25 136

 0� c2 2 2 4 2 2 12
� + � � 0 0 1 2 1 4
e+ e� 2 0 0 0 1 3
Others 1 0 1 1 0 3

D. Final state radiation

Another possiblesourceof systematic uncertainty is the e�ect of �nal state radiation
(FSR), which can alter the directions of the two leptons in the J= rest frame a�ecting the
variables cos� and � . Generation of Monte Carlo sampleshas been done using EvtGen,
which models �nal state radiation in the decay sequencesJ= ! `+ ` � with PHOTOS. We
estimate the e�ect of �nal state radiation by performing signal �ts on the angles
 from
generatorlevel four-vectors,both beforeand after �nal state radiation hasbeenadded. We
usethe rejection method to selectevents, so that the pre-FSR generatorlevel four-vectors
follow the PDF W(
; A 0) for an input value of the multip ole amplitudes A 0. We also
use the pre-FSR four-vectors when selectingthe phasespaceevents to be usedas `signal'
described by the PDF W(
; A 0) with a given A 0 � (a2; b2) = (� 0:065; 0:029) (for J � = 2,
A 0 � (a2; b2; a3; b3) = (� 0:096; 0:029; 0:0; 0:0)). We then compare the �t on the selected
events usingthe pre-FSRand post-FSRgeneratorlevel to check for a systematicuncertainty
from �nal state radiation. Comparing � � (a) and � hai for each multip ole parameterfor FSR,
we �nd no statistically signi�cant evidencefor a systematicuncertainty due to Final State
Radiation.

E. Choice of kinematic �ts

For our �nal analysis,we perform a 1C kinematic �t to the J= massand a 4C kinematic
�t to the  0 four momentum of the lab frame, and alsoperform bremsstrahlungreconstruc-
tion on each track if any showerswere taggedasbremsstrahlungradiation belongingto the
track. To test for possiblesystematic e�ects, we perform an ensemble of tests on phase
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TABLE VI: Impurities in each of the �v e generic MC data samples,after applying the J � = 2
selection criteria. Our selection criteria give us a purit y of 99.71%and an e�ciency of selecting
36.0%of the original signal events. The main sourcesof impurit y background modesare  0 ! 
 0� c1

and  0 ! � 0� 0J= .

Event type GenMC A GenMC B GenMC C GenMC D GenMC E Total
Signal events selected 19805 19531 19508 20054 19731 98629
Impure events 57 48 59 47 66 277
Signal e�ciency 35.9% 35.8% 36.0% 36.4% 35.9% 36.0%
Purit y 99.71% 99.75% 99.70% 99.77% 99.65% 99.71%
� 0� 0J= 8 13 11 7 11 50
� 0J= 0 0 1 0 1 2
� J= 0 0 0 0 0 0

 0� c0 2 1 2 1 3 9

 0� c1 30 14 23 24 26 117

 0� c2 (non-signal) 14 18 19 15 20 86
� + � � 2 2 2 0 3 9
e+ e� 1 0 1 0 2 4
Others 0 0 0 0 0 0

spaceMC shaped to have A 0 = (� 0:065; 0:029) for J � = 1 and A 0 = (� 0:096; 0:029; 0; 0) for
J� = 2 with four-vectorsselectedto have the pre-FSR generatorphotons follow W(
; A 0).
We construct the four-vectorsfor the variablesin three di�erent ways:

� Post-FSR generatorlevel four-vectors

� 1C and 4C kinematic �ts without bremsstrahlungrecovery

� 1C and 4C kinematic �ts with bremsstrahlungrecovery

For each type of four-vectors, we perform as many �ts as possibleusing a data size (after
selectioncriteria) of 40000J � = 1 (20000J� = 2) events in each �t. We �nd no statistically
signi�cant systematice�ect from this procedure.

F. Variation of selection criteria

To look for an additional systematic uncertainty from possiblevariations of selection
criteria, we lookedat e�ects of the following variations on statistical and systematicimpurit y
uncertainties:

� Default

� Maximum 3rd shower energy: 30MeV ! 18MeV

� Maximum 3rd shower energy: 30MeV ! 50MeV

� Maximum reduced� 2: 16 ! 10
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TABLE VI I: Generic MC tests for a systematic bias from impure events for J � = 1. We split the
�v e-fold genericMC data set into �v e data setslabeled(A)-(E), replacing the genericMonte Carlo
signal events with events selectedto obey W (
; A 0) from the 4.5M event phasespaceMC data
set. For each of these �v e data sets, we performed an ensemble of thirt y-one �ts. The di�erence
(Di�.) rows show the shift in values of a2 and b2 comparing the individual �ts before and after
impurities are added. A positive shift meansthat to obtain the pure results we should subtract
the bias from impurities. The set (A-E) is the result from adding all �v e data samplesof impure
events to a regular-sizedset of signal events, and demonstrateshow the impurities scalelinearly in
the J� = 1 case.

Type ha2i � ens
a2

h� �t
a2

i � ha2 i hb2i � ens
b2

h� �t
b2

i � hb2 i

10� 2 10� 2 10� 2 10� 2 10� 2 10� 2

Pure -6.54 0.5 0.63 -0.32 2.97 0.71 0.73 0.52
Di�erence w/impurities (A) 0.1500.002 0.058 0.003
Di�erence w/impurities (B) 0.1200.002 0.053 0.003
Di�erence w/impurities (C) 0.1400.003 0.060 0.005
Di�erence w/impurities (D) 0.2160.004 0.095 0.005
Di�erence w/impurities (E) 0.1090.002 -0.031 0.003
Di�erence w/impurities (A-E) 0.7300.011 0.241 0.019
Input -6.5 2.9
hImpurit y biasi 0.15 0.03 0.05 0.03

� Maximum reduced� 2: 16 ! 30

� � c masswindow � 15MeV ! � 10MeV

� � c masswindow � 15MeV ! � 20MeV

� Maximum cosineof polar anglefor photons in the barrel region 0:79 ! 0:77

� Maximum cosineof polar anglefor photons in the barrel region 0:79 ! 0:80

Thesevariations loosenand tighten all of our selectioncriteria. For J � = 1 we found that
the default criteria (de�ned in Sec. V) had the smallest quadrature sum of the statistical
uncertainty with impurit y systematicuncertainty. We further found that over the ensemble
of tests involving various criteria, the meanfrom the ensemble of tests for a2 and b2 (when
no impurities were present) varied only slightly. For the J � = 2 two-parameter (a2; b2)
�t case,we found that while we were quite near the minimal total quadrature sum for the
default criteria, wecouldhave achieveda � 3%improvement if we loosenedtheseconditions.
However, to achieve that � 3%improvement requiresincreasingthe number of impure events
by a factor of approximately �v e as shown in Fig. 3, so this was not performed.

After looking at the e�ect of variations of selectioncriteria on an ensemble of tests using
the \signal" data selectedfrom phasespaceMC via the rejection method, we looked at the
actual e�ect of performing �ts to data after applying various criteria. Theseresults show
the sensitivity of the data to the chosencriteria. For the J � = 1 caseshown in Table IX, we
perform the �ts using the various criteria, and then correct for the impurit y bias. We then
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TABLE VI I I: Generic MC tests for a systematic bias from impure events for J � = 2 for two-
parameter (a2; b2) �t with a3 � b3 � 0. We �nd that the impurities add a negligible systematic
uncertainty when comparedwith the statistical uncertainty.

Type ha2i � ens
a2

h� �t
a2

i � ha2 i hb2i � ens
b2

h� �t
b2

i � hb2 i

10� 2 10� 2 10� 2 10� 2 10� 2 10� 2

Pure -9.8 1.4 1.6 -0.6 3.0 1.3 1.2 0.6
Di�erence w/impurities (A) -0.0050.006 0.078 0.003
Di�erence w/impurities (B) 0.08 0.004 -0.0110.005
Di�erence w/impurities (C) -0.0080.011 0.149 0.004
Di�erence w/impurities (D) 0.022 0.003 -0.05 0.003
Di�erence w/impurities (E) -0.0410.002 0.027 0.003
Di�erence w/impurities (A-E) 0.047 0.019 0.19 0.011
Input -9.6 2.9
hImp. Biasi 0.009 0.040 0.038 0.070

considerthe ensemble of bias-correcteddata �ts aed assigna systematicuncertainty using
the standard deviation of the �tted results over the 7 typesof criteria considered.We �nd
a systematicuncertainty of (0:19; 0:22) � 10� 2 for (aJ =1

2 ; bJ =1
2 ) in performing �ts to data.

TABLE IX: Resultsof data �ts for J � = 1 when applying various selectioncriteria. For all selection
criteria considered,a systematic uncertainty is found of (0:19; 0:22)� 10� 2 for (a2; b2), respectively,
over the variation of the criteria.

Criteria abias cor
2 bbias cor

2

� 10� 2 � 10� 2

Default � 6:26 � 0:63 � 0:15 2:76� 0:73 � 0:06
E 3rd Shwr < 18MeV � 6:43 � 0:64 � 0:08 2:67� 0:73 � 0:06
E 3rd Shwr < 50MeV � 5:73 � 0:60 � 0:30 2:45� 0:72 � 0:13
� 2

k:f : < 10 � 6:23 � 0:65 � 0:05 2:33� 0:75 � 0:03
� 2

k:f : < 30 � 6:30 � 0:61 � 0:32 3:10� 0:71 � 0:04
� c mass� 10MeV � 6:36 � 0:65 � 0:11 2:85� 0:75 � 0:04
� c mass� 20MeV � 6:10 � 0:62 � 0:18 2:78� 0:69 � 0:09
j cos� barrel

lab;ph j < 0:77 � 6:18 � 0:65 � 0:16 2:97� 0:75 � 0:07
j cos� barrel

lab;ph j < 0:80 � 6:17 � 0:62 � 0:16 2:73� 0:72 � 0:07
Ensemble � 6:20� 0:19 2:74 � 0:22

For J� = 2 (TableX), we follow a similar procedurebut do not correct for impurit y biases
beforecalculating the systematic uncertainty, as the impurit y bias in all casesis lessthan
1/10 the statistical uncertainty, so any correction would be of very little signi�cance. We
�nd in this casesystematicuncertainties of (0:3; 0:3) � 10� 2 for (a2; b2) whenperforming the
two-parameter�t with (a3 � b3 � 0).
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TABLE X: Results of data �ts when applying various selectioncriteria to J � = 2 two-parameter
(a2; b2) �ts (a3 � b3 � 0). For all setsof criteria, a systematicuncertainty is found of (0:3; 0:3)� 10� 2

for (a2; b2), respectively, over the variation of the criteria.

Criteria a2 b2

� 10� 2 � 10� 2

Default � 9:3 � 1:6 1:0 � 1:3
E 3rd Shwr < 18MeV � 9:4 � 1:6 0:6 � 1:3
E 3rd Shwr < 50MeV � 9:8 � 1:6 0:5 � 1:3
� 2

k:f : < 10 � 9:1 � 1:6 1:3 � 1:3
� 2

k:f : < 30 � 9:5 � 1:5 0:4 � 1:2
� c mass� 10MeV � 8:7 � 1:6 1:0 � 1:3
� c mass� 20MeV � 9:8 � 1:5 0:8 � 1:3
j cos� barrel

lab;ph j < 0:77 � 9:6 � 1:6 1:2 � 1:3
j cos� barrel

lab;ph j < 0:80 � 9:5 � 1:5 1:3 � 1:3
Ensemble � 9:4 � 0:3 0:9 � 0:3

G. Summary of systematic uncertain ties and biases

The systematicuncertainties and biasesfor J � = 1 are summarizedin Table XI. We �nd
the total systematicuncertainty to be (0:24; 0:23) � 10� 2 for (aJ =1

2 ; bJ =1
2 ), respectively.

The systematicuncertainties for the J � = 2 two-parameter�t (a2; b2) are summarizedin
Table XI I, and for other �ts in TablesXI I I{XV. In each casethe total systematicerror is
the quadrature sum of systematicuncertainties, and the statistical uncertainty for the data
�ts is given for comparison.We do not �nd any systematicbiasesfor the J � = 2 case.

TABLE XI: Systematic uncertainties and biasesfor J � = 1. The total systematic error is the
quadrature sum of systematicuncertainties and the signedsum of systematicbiases.The statistical
uncertainty from the data �ts is given for comparison.

aJ � =1
2 bJ � =1

2

Sourceof systematic error Uncertainty Bias Uncertainty Bias
� 10� 2 � 10� 2 � 10� 2 � 10� 2

Generic MC impurities 0.15 0.15 0.05 0.05
Selectioncriteria 0.19 - 0.22 -
Total systematic uncert. 0.24 0.15 0.23 0.05
Statistical uncertainty 0.63 - 0.73 -
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TABLE XI I: Systematic uncertainties for J � = 2 two-parameter �t with a2; b2.

Systematic uncertainty aJ =2
2 bJ =2

2

� 10� 2 � 10� 2

Generic MC impurities 0.04 0.07
Selectioncriteria 0.33 0.33
Total systematic uncert. 0.3 0.3
Statistical uncertainty 1.6 1.3

TABLE XI I I: Systematic uncertainties for J � = 2 three-parameter �t for a2; b2; b3.

Systematic uncertainty aJ =2
2 bJ =2

2 bJ =2
3

� 10� 2 � 10� 2 � 10� 2

Generic MC impurities 0.04 0.07 0.03
Selectioncriteria 0.33 0.34 0.20
Total systematic uncert. 0.3 0.3 0.2
Statistical uncertainty 1.6 1.4 1.2

TABLE XIV: Systematic uncertainties for J � = 2 two-parameter �t for a2; b3 with �xed valuesof
b2 � � a2=3:367 and a3 � 0.

Systematic uncertainty aJ =2
2 bJ =2

3

� 10� 2 � 10� 2

Generic MC impurities 0.04 0.04
Selectioncriteria 0.34 0.23
Total systematic uncert. 0.3 0.2
Statistical uncertainty 1.6 1.1

TABLE XV: Systematic uncertainties for J � = 2 four-parameter �t with a2; b2; a3; b3.

Systematic uncertainty aJ =2
2 bJ =2

2 aJ =2
3 bJ =2

3

� 10� 2 � 10� 2 � 10� 2 � 10� 2

Generic MC impurities 0.06 0.08 0.08 0.03
Selectioncriteria 0.24 0.39 0.28 0.20
Total systematic uncert. 0.3 0.4 0.3 0.2
Statistical uncertainty 1.9 1.5 1.4 1.2
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VI I I. CONCLUSIONS

A. J� = 1

The results of our bias-corrected�ts with systematic uncertainties for J � = 1 with the
two-parameter�t are:

aJ =1
2 = (� 6:26� 0:63� 0:24) � 10� 2 ; (32)

bJ =1
2 = (2:76� 0:73� 0:23) � 10� 2 : (33)

B. J� = 2

The results of our �ts with systematicuncertainties for J � = 2 with the two-parameter
�t (a2; b2) with a3 = b3 � 0 are:

aJ =2
2 = (� 9:3 � 1:6 � 0:3) � 10� 2 ; (34)

bJ =2
2 = (1:0 � 1:3 � 0:3) � 10� 2 ; (35)

for the three-parameter�t (a2; b2; b3) with a3 � 0:

aJ =2
2 = (� 9:3 � 1:6 � 0:3) � 10� 2 ; (36)

bJ =2
2 = (0:7 � 1:4 � 0:3) � 10� 2 ; (37)

bJ =2
3 = (� 0:8 � 1:2 � 0:2) � 10� 2 ; (38)

for the two-parameter�t (a2; b3) with �xed valuesof b2 � � a2=3:367and a3 � 0:

aJ =2
2 = (� 9:2 � 1:6 � 0:3) � 10� 2 ; (39)

bJ =2
2 � �

aJ =2
2

3:367
= (2:7 � 0:5 � 0:1) � 10� 2 ; (40)

bJ =2
3 = (� 0:1 � 1:1 � 0:2) � 10� 2 ; (41)

and for the four-parameter�t (a2; b2; a3; b3):

aJ =2
2 = (� 7:9 � 1:9 � 0:3) � 10� 2 ; (42)

bJ =2
2 = (0:2 � 1:5 � 0:4) � 10� 2 ; (43)

aJ =2
3 = (1:7 � 1:4 � 0:3) � 10� 2 ; (44)

bJ =2
3 = (� 0:8 � 1:2 � 0:2) � 10� 2 : (45)

C. Comparison with previous results

Our results are comparedwith previous experiments and theory in Fig. 7. The J � = 2
results shown are for the two-parameter�t with a3 = b3 = 0.

28



FIG. 7: Experimental valuesof the magnetic quadrupole amplitudes from this analysis compared
with previous experimental valuesand theoretical expectations. For J � = 2, results are shown for
the two-parameter �t. CLEO-c results from this analysis are solid circles; Crystal Ball results are
diamonds [17], the E760 result is a 5 [18], the E835 results are 4 's [12], the BESII result is an
open square[19], and the theoretical expectations given by Eqs. (7){(10) with m c = 1:5GeV and
� c = 0 are dashedlines.
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D. Ratios indep enden t of m c and � c

Using the results from the J� = 2 two-parameter (a2; b2) �t and the J� = 1 �t, we
�nd the ratios with the higheststatistical sensitivity comparevery well with the theoretical
predictions:

 
aJ =1

2

aJ =2
2

!

CLEO

= 0:67+0 :19
� 0:13

?=

 
aJ =1

2

aJ =2
2

!

th

= 0:676� 0:071 ; (46)
 

aJ =1
2

bJ =1
2

!

CLEO

= � 2:27+0 :57
� 0:99

?=

 
aJ =1

2

bJ =1
2

!

th

= � 2:27� 0:16 ; (47)
 

bJ =2
2

bJ =1
2

!

CLEO

= 0:37+0 :53
� 0:47

?=

 
bJ =2

2

bJ =1
2

!

th

= 1:000� 0:015 ; (48)
 

bJ =2
2

aJ =2
2

!

CLEO

= � 0:11+0 :14
� 0:15

?=

 
bJ =2

2

aJ =2
2

!

th

= � 0:297� 0:025 : (49)

E. � c calculation

Our most sensitive measurement of a magnetic quadrupole amplitude is that of aJ =1
2 .

From theory, we know that

aJ =1
2 = �

E 


4mc
(1 + � c) = (1 + � c)=� ; (50)

where we de�ned 1=� to be the proportionalit y between1 + � c and aJ =1
2 . If we usemc =

(1:5 � 0:3) GeV, we �nd � � � (4mc)=E
 = � 14:0 � 2:8, so

1 + � c = � aJ =1
2 = 0:877� 0:088� 0:034� 0:175; (51)

where we list the result, the statistical uncertainty, the systematic uncertainty, and the
theoretical uncertainty from mc = 1:5 � 0:3 GeV.

F. Summary

We measuresigni�cant non-zero magnetic quadrupole amplitudes for the transitions
� c1 ! 
 J= , � c2 ! 
 J= , and  0 ! 
 0� c1. Our �ts to these three amplitudes all agree
well with the theoretical predictions to �rst order in the ratio of photon energyto charmed
quark masswith � c = 0 and mc = 1:5GeV. The data are consistent with the lattice QCD
prediction (16) for � c1 ! 
 J= ), but not with that [Eq. (17)] for � c2 ! 
 J= [15]. For the
transition  0 ! 
 0� c2, we do not measurea signi�cant M2 amplitude, though this casehas
the largestuncertainty sincethere are fewer J � = 2 signalevents and E 
 0 < E 
 sojb2j < ja2j.
The non-zeroM2 amplitude in the transitions � (c1;c2) ! 
 J= is evident when comparing
the cos� histogramsfor the data with the histogramsfor phase-space-Monte-Carlo events
selectedto have a pure E1 distribution and the �tted valuesof the multip ole amplitudes (as
shown in Fig. 6). We �nd that for the J � = 1 and J� = 2 transitions our �tted results di�er
from the pure E1 value by more than 11� and 6� , respectively.

The agreement betweendata and theory is in stark contrast in somecasesto previous
measurements. With about 20 times the largest previous data sample,and a more sophis-
ticated detector, the matter now seemsto be resolved.
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