hep-th/9601176

CLNS 96/1396

March 5, 1996

(revised)

Effective Action of Spontaneously Broken Gauge Theories

S.-H. Henry Tye Yan Vtorov-Karevsky

Newman Laboratory of Nuclear Studies Cornell University, Ithaca, NY 14853

Abstract

The effective action of a Higgs theory should be gauge-invariant. However, the quantum and/or thermal contributions to the effective potential seem to be gauge-dependent, posing a problem for its physical interpretation. In this paper, we identify the source of the problem and argue that in a Higgs theory, perturbative contributions should be evaluated with the Higgs field in the polar variable basis, not in the Cartesian basis. As a check we evaluate the one-loop contributions in the covariant gauge in the polar basis and show that the resulting contributions to the effective action are gauge-invariant and in agreement with the results from the unitary gauge. In particular, the effective potential is gauge invariant. With a field redefinition, we obtain the physical effective potential.

1 Introduction

Effective action plays a very important role in quantum field theory, especially in theories with spontaneous symmetry breakings. For example, we have in mind the inflationary phase (at T = 0) or the electroweak phase transition (T ≠ 0) in the early universe, where space-time dependence plays a prominent role. In these and other important physical applications, the knowledge of the effective action (not just the effective potential) is crucial.

The classical action must be corrected by quantum effects (and by thermal effects at finite temperature). Many calculations of such quantum/thermal effects have been carried out for the effective action [1]. The effective potential term inside the effective action has received the most attention. Since different gaugefixings were used in the literature, resulting in different formulae for the effective potential term [2], it is not clear which are the appropriate formulae to use.

After the inclusion of quantum effects, the effective action of a Higgs theory must preserve the original global and local symmetries of the classical theory. The effective action must obey the original global symmetry of the theory so that the (would-be) Goldstone bosons will remain massless after spontaneous symmetry breaking. Gauge invariance must be preserved so that the Higgs mechanism can proceed. Using these criteria, we shall re-examine the effective action in various gauges.

In this paper, we shall make the following simple observation. It is an elementary fact that a problem with rotational symmetry should be tackled using polar coordinates, not Cartesian coordinates. When one considers Higgs theories and moves away from the minimum of the effective potential (as is necessary to determine the effective action), the would-be Goldstone bosons in the Cartesian basis have non-zero masses. It is these masses that bring the gauge dependence into the effective action. As we shall see, the would-be Goldstone bosons in the Cartesian basis are mis-identified. On the other hand, the would-be Goldstone bosons in the polar basis are always massless, at or away from the minimum, as they should be. To correctly determine the effective action of a Higgs theory, perturbation expansion should be carried out in terms of appropriate polar variables. The unitary gauge, and the covariant gauge with the Higgs field in the polar basis are thus appropriate, but the usual covariant and R_ξ gauges [3] are not.

First we show that the R_ξ gauge and its variations are poor choices to use in the effective action calculations because the R_ξ gauge-fixing breaks the global symmetry of the theory. As a consequence, the effective potential and other terms in the effective action are no longer globally invariant. Furthermore, mixed propagators cannot be avoided in any practical calculation, as illustrated explicitly by the one-loop correction to the effective potential. This removes the main motivation for the R_ξ gauge. Since the breaking of global symmetry is a consequence of using the R_ξ gauge, it can be avoided if we use another gauge which preserves this symmetry.

Next, let us consider the gauge invariance condition. The key issues are very similar in both the Abelian and the non-Abelian Higgs theories at both zero and finite temperatures. To be specific, let us consider the Abelian Higgs theory (i.e., scalar QED) at zero temperature. The effective action is expected to have the following form:

Γ [ ϕ, A_μ] = (1) = ∫ d^4x { − V [ϕ] + 1 2 Z_1[ϕ] ∂_μϕ_i ∂^μϕ_i + 1 2 Z_2[ϕ] ϕ_iϕ_j ϕ^2

∂_μϕ_i ∂^μϕ_j −

− Z_3[ϕ] gϵ_{ij}ϕ_i∂_μϕ_jA^μ + 1 2 Z_4[ϕ] g^2ϕ^2A_μA^μ − 1 4 Z_A[ϕ] F_{μν} F^{μν} + . . . }

where the Higgs field is expressed in Cartesian variables ϕ_i, with ϕ^2 = ϕ^2_1+ϕ^2. Not displayed are terms that involve higher powers of A_μ(x) and/or higher derivatives. As the Z_2[ϕ]-term has two derivatives and is explicitly gauge-invariant, it must be, apriori, included in Eq.(1). When gauge-fixing is necessary, we shall use the covariant gauge, which preserves the global symmetry of the theory. The gauge-fixed effective action Γ_{cov}[ ϕ, A_μ] is now defined as the sum of Γ[ ϕ, A_μ] given in Eq.(1) and the gauge-fixing term

Γ_{gf} [ ϕ, A_μ] = ∫ d^4x { −Z_{gf} [ϕ] 1 2 ξ (∂_μA^μ)^2 + . . . } (2) Also, any ghost term will be absent since we do not introduce ghost background fields. Note that it is Γ[ ϕ, A_μ], not Γ_{cov}[ ϕ, A_μ], that we are interested in.

Let us consider the classical limit of Γ [ ϕ, A_μ] first. In this limit, all Z_i[ϕ] = 1, except for Z_2[ϕ], which is zero. The classical action is invariant under the gauge transformation, with ϕ(x) = ϕ_1(x) + iϕ_2(x),

ϕ(x) → ϕ(x) e^{i θ(x)} (3)

A_μ(x) → A_μ(x) + 1 g ∂_μθ (x) We have argued that Γ [ ϕ, A_μ] must be (globally) U(1)-invariant and gaugeinvariant. This means that all the Z_i[ϕ] and V [ϕ] are U(1)-invariant, and so they are also trivially gauge-invariant. Invariance of Γ [ ϕ, A_μ] under the gauge transformation (3) then implies the following conditions:

Z_1[ϕ] = Z_3[ϕ] = Z_4[ϕ] (4)

If the gauge symmetry condition (4) is not satisfied, the would-be Goldstone boson cannot be gauged away; this would imply a breakdown of the Higgs mechanism. Any Γ [ ϕ, A_μ] that is invariant under the gauge transformation (3) will be referred to as actively gauge-invariant. If all the Z_i[ϕ] and V [ϕ] do not depend on the gauge parameter ξ, Γ [ ϕ, A_μ] will be referred to as passively gauge-invariant. Γ [ ϕ, A_μ] is gauge-invariant if it is both actively and passively gauge-invariant.

Let us consider Γ [ ϕ, A_μ] in the covariant gauge. Carrying out perturbation expansion in the Cartesian (ϕ_1, ϕ_2) basis (the usual approach), a number of observations can be made on the one-loop contribution to Γ [ ϕ, A_μ]. After separating the gauge-fixing term (2), we get Γ [ ϕ, A_μ] as given in Eq.(1) with the following properties:

(1) All the Z_i[ϕ] and V [ϕ] are globally U(1)-invariant, as expected. (2) All the Z_i[ϕ] and V [ϕ] do explicitly depend on the gauge parameter ξ. (3) The gauge symmetry condition (4) is satisfied. (4) Z_2[ϕ] is not zero.

Thus Γ [ ϕ, A_μ] obtained in the (ϕ_1, ϕ_2) basis is actively but not passively gauge-invariant. Fortunately, a resolution to this problem follows from the above properties.

It is useful to find the source of the ξ-dependence in Γ [ ϕ, A_μ]. An examination of the Z_i[ϕ] and V [ϕ] shows that the ξ-dependence comes from the would-be Goldstone boson mass m_G. At the minimum of the effective potential, m_G vanishes and the ξ-dependence drops out. Away from the minimum, the non-vanishing m_G brings in the ξ-dependence. We expect the Higgs mechanism to take place whenever there is a non-zero vacuum expectation value. However, as explained in Appendix A, the non-vanishing m_G invalidates the Higgs mechanism. As we shall explain, this non-vanishing m_G is an artifact of the Cartesian (ϕ_1, ϕ_2) basis. How to circumvent this problem? The solution is suggested by the presence of Z_2[ϕ]. As Z_2[ϕ] is non-zero, the kinetic terms in Γ [ ϕ, A_μ] are no longer of the canonical form in the (ϕ_1, ϕ_2) basis. However, in terms of the polar variables (ρ, χ) which are related to the (ϕ_1, ϕ_2) basis through ϕ(x) = ϕ_1(x) + iϕ_2(x) = ρ(x)e^{iχ(x)}, ϕ_iϕ_j ϕ^2

∂_μϕ_i ∂^μϕ_j = (∂_μρ)^2 and (δ_{ij} − ϕ_iϕ_j ϕ^2

)∂_μϕ_i∂^μϕ_j = ρ^2(∂_μχ)^2. (5)

Thus both scalar kinetic terms in Γ [ ϕ, A_μ] appear naturally in the polar basis. As the would-be Goldstone boson is always massless in the polar basis, the ξ-dependence problem disappears, and the Higgs theorem always holds (see Appendix A). These observations clearly suggest that the polar variables should be used in the perturbative calculations of the effective action.

When the one-loop contributions are calculated in the polar gauge (short for the covariant gauge in the polar basis), we find that Γ [ ϕ, A_μ] is both passively and actively gauge-invariant, i.e. all the Z_i[ϕ] and V [ϕ] are ξ-independent and Eq.(4) holds. Thus the effective action calculated in the polar basis satisfies the imposed criteria. We may express Γ [ ϕ, A_μ] in the polar basis:

Γ[ ϕ, A_μ] = ∫ d^4x { −V [ρ] + 1 2 Z_ρ[ρ] (∂_μρ)^2 + 1 2 Z_1[ρ] ρ^2 (∂_μχ − gA_μ)^2 − (6) − 1 4 Z_A[ρ] F_{μν} F^{μν} + . . . }

where Eq.(4) is used and Z_ρ[ρ] = Z_1[ρ] + Z_2[ρ]. In this basis, all Z_i[ρ] = 1 in the classical limit. With quantum corrections included, Z_ρ[ρ] ≠ Z_1[ρ]. This gauge invariance property generalizes to non-Abelian Higgs theories, at both zero and finite temperatures.

With the gauge invariance condition (4) at hand, independent calculations of Z_1[ρ], Z_3[ρ] and Z_4[ρ] are clearly redundant. To avoid this redundancy, a single source term for the combination B_μ = A_μ −^1_g ∂_μχ can be introduced in the generating functional, instead of separate sources for A_μ and χ. Not surprisingly, this brings us to the unitary gauge. In this gauge, both B_μ and ρ are invariant under the gauge transformation (3), so the source terms for B_μ and ρ are also gauge invariant. Also, it is well-known that only physical degrees of freedom have quantum fluctuations, and no gauge-fixing is necessary in this case. So the resulting Γ[ϕ, A_μ] is by definition gauge-invariant. As expected, the oneloop contributions in the unitary gauge agree with that from the covariant gauge calculations in the polar basis. Note that the gauge boson propagators in the unitary gauge and in the polar gauge are different (in particular their asymptotic behaviors). So agreement between the two calculations provides a non-trivial check. In the polar gauge, we can see explicitly how the ξ-dependence drops out in Γ[ϕ, A_μ]. On the other hand, calculations in the unitary gauge are simpler.

As we have seen, Z_ρ[ρ] is non-trivial in general. To define the physical effective potential, we introduce a field redefinition so that the resulting Z_ρ is 1. In terms of this new Higgs field, the resulting effective potential should be the physical effective potential that measures the energy density in the universe. As an illustration, we show how the Higgs mass is determined from the potential and compare the result to that obtained from standard perturbation theory.

The plan of this paper is the following. In Sec. 2, we briefly review how to calculate the various Z_i[ϕ] and V [ϕ] in the effective action. In Appendix A, we give a brief discussion of both the Goldstone and the Higgs theorems. In Sec. 3, we argue why the R_ξ gauge is a poor gauge choice for the determination of Γ[ϕ, A_μ]. To illustrate this point clearly, we review, in Appendix B, the oneloop contribution to the effective potential in the R_ξ gauge for the Abelian Higgs model. In Sec. 4, we give the one-loop contribution to Γ[ϕ, A_μ] in the covariant gauge in the (ϕ_1, ϕ_2) basis (ignoring four and higher derivative terms). Details of the calculations are given in Appendices C and D. Here we pinpoint the source of the gauge dependence problem to the choice of the (ϕ_1, ϕ_2) basis. We argue that the correct basis should be the polar one. In Sec. 5, we give the corresponding result for the polar gauge. Appendix E gives the Feynman rules in the polar and unitary gauges. In Sec. 6, we briefly review and comment on the unitary gauge. In Sec. 7, we discuss the field redefinition needed to obtain a physical effective potential. In Sec. 8, we generalize our earlier discussion to the SU(2) non-Abelian Higgs theory. Sec. 9 contains a brief discussion of the finite temperature case. Sec. 10 contains concluding remarks.

2 Preliminaries

Let us briefly review [1] how to calculate quantum corrections to the various Z_j[ϕ] and the effective potential V [ϕ] inside the effective action Γ[ϕ]. Consider a set of the scalar fields ϕ_i in some theory. Suppose they fluctuate around some constants υ_i, ϕ_i(x) = υ_i + φ_i(x) (7) then the effective potential V [ϕ] can be Taylor-expanded around υ_i,

V [ϕ(x)] = V (υ) + φ_i(x) ∂_iV (υ) + 1 2 φ_i(x)φ_j(x) ∂_i∂_jV (υ) + . . . (8)

where ∂_iV (υ) = ∂V (υ) ∂υ_i Now we can determine V [ϕ] by calculating V (υ), which is given by the oneparticle irreducible (1PI)) pure-loop diagrams; alternatively, we can calculate ∂_iV (υ), given by the 1PI tadpole diagrams, and perform an integration. One may also use ∂_i∂_jV (υ), given by the zero-momentum 1PI two-point functions, and then integrate twice . . . . This procedure is well-known. In particular, the 1-loop correction V_1(υ) to the effective potential can be calculated using the formula V_1(υ) = − i 2 ∫ d^4k (2π)^4 ln det | | |iD^{−1}(υ) | | | (9)

where iD^{−1}(υ) is the quadratic part of the shifted Lagrangian. Fermionic contributions carry an additional minus sign. In this paper, dimensional regularization is used throughout.

Analogously, one can expand any Z_j[ϕ] as

Z[ϕ(x)] = Z(υ) + φ_i(x) ∂Z(υ) ∂υ_i + . . . (10)

For example, keeping the lowest term after this expansion, the Z_1[ϕ] ∂_μϕ_i ∂^μϕ_i term in Γ[ϕ] becomes Z_1(υ) ∂_μφ_i ∂^μφ_i. Here Z_1(υ) can be calculated from the appropriate 1PI two-point diagrams, keeping only the terms that are quadratic in external momenta. Of course, the actual perturbative calculations are sometimes complicated by the need of gauge-fixing.

If V [ϕ] has a particular global symmetry, the determination of V [ϕ] simplifies substantially: all we need to do is 1) choose υ_1 ≠ 0 , υ_i = 0, for i = 2, ..., n, where these n scalars form a multiplet of the global symmetry; 2) calculate V (υ_1), the pure-loop diagrams, and 3) replace υ^2_1 everywhere inside V (υ_1) by the globally symmetric ϕ^2(x) to obtain V [ϕ].

However, there is one essential subtlety about the calculations of Z’s. There are, in general, two scalar field kinetic terms compatible with the global symmetry, and their coefficients Z_j[ϕ] are apriori different. To properly separate Z_1(υ) from Z_2(υ) when these coefficients are calculated from 1PI two-point diagrams, more than one υ_i should be kept non-zero.

3 R_ξ Gauge and Global Symmetry

Suppose the Higgs theory has certain global symmetry. In the absence of anomalies, we expect the corresponding effective potential V [ϕ] to have that global symmetry as well. To argue this point, let us note that the effective potential at the classical level certainly has the global symmetry of the theory. After spontaneous symmetry breaking, there are (would-be) Goldstone bosons corresponding to the generators of the broken symmetries. By Goldstone’s theorem, the Goldstone bosons remain massless after the inclusion of quantum effects. This implies that the quantum contributions to the effective potential must have the same global symmetry. Otherwise, some of the (would-be) Goldstone bosons will no longer be massless after spontaneous symmetry breaking, thus violating the Goldstone theorem and ruining the Higgs mechanism. Appendix A gives a more detailed discussion on this point. In light of this discussion, R_ξ gauges are clearly unsuitable for the effective action calculations, since they break the global symmetry of the theory. Let us discuss this in more details. We start with the Abelian Higgs Lagrangian (counterterms suppressed), L = − 1 4 F_{μν} F^{μν} + 1 2 (D_μϕ)†(D^μϕ) − V [ϕ] (11)

where D^μ = ∂^μ − igA^μ , V [ϕ] = m^2 2 ϕ^2 + λ 4! ϕ^4

Introducing the fluctuating fields via Eq.(7), we impose the R_ξ gauge-fixing L_{gf} = − 1 2 ξ (∂_μA^μ − ξg ϵ_{ij} φ_i u_j)^2 (12)

where u_1 and u_2 are some constants. The 1-loop contribution V_{R¸,1}(υ_i, u_i, ξ) to the effective potential was given in Ref.[4] and is reviewed in Appendix B. Here we would like to make just a few remarks on that result:

(a) Since V_{R¸, 1}(υ_i, u_i, ξ) is not U(1)-invariant, we should keep both υ_1 ≠ 0 and υ_2 ≠ 0 in our calculations. If we set υ_2 = u_2 = 0 (as done in [5]) and calculate V_{R¸, 1}(υ_1, 0, u_1, 0, ξ), it will not determine the υ_2 dependency in V_{R¸} (υ_1, υ_2, u_1, 0, ξ).

To find this dependency, one has to evaluate ∂^2 V , ∂^4_2 V etc., – the 2n-point diagrams with external ϕ_2’s. These calculations are quite involved.

(b) To obtain V_{R¸} [ϕ_i, u_i, ξ] from V_{R¸} (υ_i, u_i, ξ) , all υ_i are elevated to ϕ_i, while u_i’s should be left untouched. If one wants to avoid mixed propagators in the Feynman diagram calculations (this was the original motivation for the R_ξ gauge), one sets u_i = υ_i (as done in [6], where u_2 = υ_2 = 0). This prescription leaves one with an ambiguous V_{R¸} (υ_i, ξ) with some υ_i’s being part of the scalar field and thus elevated to ϕ_i and some not. To find out which υ_i in V_{R¸} (υ_i, ξ) should be elevated to ϕ_i one must evaluate higher-point diagrams such as ∂_iV etc. This calculation is clearly quite involved. In practice, it is a lot easier to allow mixed propagators so one may determine V_{R¸} [ϕ_i, u_i, ξ] via V_{R¸} (υ_i, u_i, ξ) alone.

(c) In the background field method [7], the one-loop contribution still breaks the U(1)-invariance.

(d) In the modified R_ξ gauge of [8], U(1)-invariance is again broken. (e) It is clear that if we set u_i = 0 (or ξ = 0) in Eq.(12), the resulting V_{R¸} (υ_i) is U(1) invariant. But then this is simply the covariant gauge result. In general, covariant gauge obeys the global symmetry of the theory.

4 Effective Action in Covariant Gauge

The effective action should maintain both the global and local symmetries of the classical theory. After spontaneous symmetry breaking, we need this gauge symmetry to gauge away the (would-be) Goldstone bosons, i.e., the Higgs theorem is valid even at the quantum level (see Appendix A). Also, perturbative quantum effects are not expected to destroy the topological properties of gauge theories (e.g., the Aharonov-Bohm effect for U(1) gauge theory and instanton effects for non-Abelian gauge theories). Since gauge invariance is crucial for the topological properties, the effective action after quantum corrections must be gauge-invariant.

Let us turn to the Abelian Higgs model in the covariant gauge. To carry out perturbative calculations, we must introduce a gauge-fixing term with the gauge parameter ξ. Since the effective action is expected to be globally U(1)-invariant, we can write the gauge-fixed effective action Γ_{cov}[ϕ, A_μ] in the form

Γ_{cov}[ϕ, A_μ] = Γ[ϕ, A_μ] + Γ_{gf} [ϕ, A_μ], (13)

where the effective action Γ[ϕ, A_μ] is given in Eq.(1) and the gauge-fixing term Γ_{gf} [ϕ, A_μ] is given in Eq.(2).

The V [ϕ, ξ] and Z_i[ϕ, ξ] will be calculated perturbatively. The Feynman rules are well known and given in Appendix C for the sake of completeness. There is one point that we need to emphasize. To separate Z_1[ϕ, ξ] and Z_2[ϕ, ξ], we need to keep both υ_1 and υ_2 non-zero. This leads to mixed scalar propagators (which also mix with the gauge field propagator). As we shall see, the appearance of mixed scalar propagators is a clear signal that the (ϕ_1, ϕ_2) basis is not the appropriate basis.

It is straightforward to evaluate the one-loop contributions. Some of the relevant results are summarized in Appendix D. The effective potential in the covariant gauge can be obtained from that in the R_ξ-gauge by setting u_i = 0, i.e., V [ϕ, ξ]=V_{R¸} [ϕ_i, 0, ξ]. There are two types of derivative terms in F_{μν}F^{μν} , one of which appears in the gauge-fixing term (∂_μA^μ)^2. This allows us to uniquely separate Z_A[ϕ] and Z_{gf} [ϕ] to obtain a gauge-invariant term in Γ [ ϕ, A_μ]. It is easy to see that Z_{gf} [ϕ] is non-trivial.

It is not surprising that V [ϕ, ξ] and all the Z_i[ϕ, ξ] are explicitly U(1)-invariant. However, they are all ξ-dependent, so Γ[ϕ, A_μ] is passively gauge-dependent. Here we want to point out the two properties claimed in the introduction (the explicit expressions are given in Appendix D):

(1) Γ[ϕ, A_μ] is actively gauge-invariant, i.e., it is invariant under the gauge transformation Eq.(3), i.e. Eq.(4) is satisfied, Z_1[ϕ, ξ] = Z_3[ϕ, ξ] = Z_4[ϕ, ξ].

(2) Z_2[ϕ, ξ] is non-zero; or equivalently, Z_ρ[ϕ, ξ] ≠ Z_1[ϕ, ξ]. The expressions are quite lengthy. To show that Z_2[ϕ, ξ] is non-zero, all we need is to show it in one gauge, namely, the Landau gauge. Note that Z_2(υ, ξ) is finite without regularization. Note also that Z_2(υ, ξ) has a pole at the minimum of the classical effective potential.

It is possible that passive gauge-dependence of Γ [ ϕ, A_μ] is harmless. Suppose there exist new (dressed) fields ϕ^′ and A^′_μ as functionals of ϕ and A_μ, such that Γ [ ϕ^′, A^′_μ] is gauge-invariant (in particular, ξ-independent). Then one may consider Γ [ ϕ^′, A^′_μ] to be satisfactory, and blame all the ξ-dependences in Γ [ ϕ, A_μ] on the bad choice of field variables. As a check, we can introduce a new (dressed) field ϕ^′ as a functional of ϕ, so that the ϕ^′ kinetic term becomes canonical (i.e., Z_ρ[ϕ^′] = 1). It turns out that V [ϕ^′] is still ξ-dependent (except in the massless limit, i.e. m^2 = 0 ; we shall come back to this case later). So we conclude that the covariant gauge in the (ϕ_1, ϕ_2) basis is unsuitable for the determination of Γ [ ϕ, A_μ].

The problem with the (ϕ_1, ϕ_2)–basis stems from the presence of fictitious degrees of freedom. An examination of Z_i[ϕ, ξ] and V [ϕ, ξ] shows that ξ-dependence comes from the would-be Goldstone mass m_G. As shown in Appendices C and D, two fictitious particles with ξ-dependent masses m_± exist in the (ϕ_1, ϕ_2) basis:

m^2_+m^2_− = ξm^2_Am^2_G and m^2_+ + m^2_− = m^2_G (14)

where m^2_G = m^2 + λϕ^2/6 and m_A = g^2ϕ^2 is the gauge boson mass. At the minimum (or, more generally, extremum) of the effective potential, m^2_G vanishes and the ξ-dependence drops out. Away from the minimum, the non-vanishing m^2_G brings in the masses m_± which in turn bring the ξ-dependence into the Z_i[ϕ, ξ] and V [ϕ, ξ]. As explained in Appendix A, non-zero m^2_G invalidates the Higgs mechanism. How can we avoid this problem?

The presence of Z_2[ϕ, ξ] suggests that the Lagrangian density of the Abelian Higgs theory should be written in the (ρ, χ) basis, where ∂_μχ = ϵ_{ij} ϕ_i∂_μϕ_j ϕ^2 and ρ = |ϕ| (15)

The corresponding kinetic terms are given in Eq.(5). This further suggests that perturbative expansion should be carried out in the polar basis. In this basis the ρ–mass is simply the Higgs mass m_H , while the (would-be) Goldstone boson χ is always massless even when we move away from the minimum of the potential.

The (naive) Goldstone mass m^2_G in the (ϕ_1, ϕ_2)–basis can be expressed in terms of polar variables:

m^2_G =

∂^2V [ϕ] ∂ϕ^2 | | | | | ϕ_1 = υ,

ϕ2 = 0 = 1 ρ ∂V [ρ] ∂ρ | | | | | ρ=υ (16)

i.e. m^2_G is proportional to the first derivative of the effective potential. Away from the minimum of the potential, m^2_G is non-zero and the above problem with ξ-dependent masses m_± (14) appears. Since V [ρ] is U(1)–invariant at or away from the minimum of the potential, there should always be a massless mode, as is the case in the polar basis. This means that m^2_G in Eq.(16) is unphysical. Since one has to move away from the minimum in order to determine the effective action, the polar basis is the correct basis to use, not the (ϕ_1, ϕ_2) one. This argument also applies to theories with only global symmetries.

5 Polar Gauge

As a check, let us show that, to one-loop order, the effective action is explicitly gauge-invariant in the polar basis. Using Eq.(5) and Eq.(15), the Langrangian density of the Abelian Higgs theory in the polar gauge (i.e., the polar basis in the covariant gauge) is L = 1 2 (∂_μρ)^2 + 1 2 ρ^2(∂_μχ)^2 − gρ^2A_μ∂^μχ + 1 2 g^2A^2ρ^2 − − 1 4 F_{μν} F^{μν} − V [ρ] − 1 2 ξ (∂_μA^μ)^2 + ρ c̄ c + f̄∂_μ∂^μf (17)

Here the Faddeev-Popov (fermionic) ghosts c̄ and c come from the Jacobian ∂(ϕ1,ϕ2) ∂(ρ, χ) and have no kinetic term. The ghosts

f̄ and f come from the covariant gauge-fixing. The gauge-fixed effective action is Γ_{cov}[ϕ, A_μ] = ∫ d^4x { − V [ρ] + 1 2 Z_ρ[ρ](∂_μρ)^2 + 1 2 Z_1[ρ] ρ^2 (∂_μχ − gA_μ)^2 − − 1 4 Z_A[ρ] F_{μν} F^{μν} − 1 2 ξ Z_{gf} [ρ] (∂_μA^μ)^2 + . . . } (18)

After the shift ρ → ρ + υ, the inverse (χ, A)–propagator becomes:

iD^{−1}_{ab} (k) = υ^2k^2 i g υ^2k^ν

−i g υ^2k^μ − g^{μν}(k^2 − m^2_A) + (1 − 1 ξ ) k^μk^ν (19)

where a, b = χ, μ = χ, 0, 1, 2, 3. The Higgs and ghost inverse propagators are trivial. Feynman rules in this gauge are given in Appendix E.

Using Eq.(9) it is easy to evaluate V_1[ρ] :

V_1(υ) = − i 2 ∫ d^4k (2π)^4 { ln [ − 1 ξ (k^2 − m^2_A)^3 (k^2 − m^2_H ) k^4υ^2 ] − 2 ln υ − 2 ln(k^2) }

(20) where m^2_A = g^2υ^2, m^2_H = m^2 +^1_2 λυ^2. Up to irrelevant constants, V_1(υ) is ξindependent. The k^4υ^2 factor from the matter fields is cancelled by the last two terms coming from the ghosts, leaving behind only the physical degrees of freedom. In contrast, in the (ϕ_1, ϕ_2)-basis, k^4 → (k^2 − m^2_+)(k^2 − m^2_−) which was the source of all problems with that basis.

So we obtain the effective potential:

V [ρ] = m^2ρ^2 2 + λ ρ^4 4! + h̄ 64π^2 { m^4_H ( ln m^2_H μ^2 − 3 2 ) + 3 m^4_A( ln m^2_A μ^2 − 5 6 ) } (21)

where μ^2 is the renormalization scale.

To evaluate Z_ρ[ρ], let us first consider the 1PI two-point ρ -function Σ(p), the p^2-term of which determines Z_ρ(υ). Its one-loop contributions are

Σ^′(p) = i 2 ∫ d^4k (2π)^4 {D_H (k)(−iλυ)D_H (p + k)(−iλυ) + (22) + D_{ab}(k)V_{bc}(k, −(p + k))D_{cd}(p + k)V_{da}(p + k, −k)} where the prime denotes that p_μ-independent diagrams are omitted. D_H is the Higgs propagator and D_{ab} is the (χ, A)–propagator (i.e. the inverse of D^{−1}_{ab} given by Eq.(19)). V_{ab} are the appropriate vertices. This equation can be represented by the following diagrams (solid lines for the ρ-field, dashed lines for the χ-field, and wavy lines for the A-field):

ŒÆ

Øø r r (a) +^{r r} � � � � � � � � � � � � � � � � � � � � � � (b) +^{r r} (c) +^{r r} � � � � � � � � � � � (d) (23)

r r � � � � � � � � �

(e) +^{r r} � � � � � � � � � � � � (f) +^{r r} � � � � � �

(g) +^{r r} � � � � � � � � � � � � � � � � � (h) where proper mirror reflections of the above diagrams must be included. Diagram (a) corresponds to the first term of Eq.(22), diagrams (b − h) correspond to the second term. Individual diagrams (b − h) are ξ-dependent. To see that Eq.(22) is ξ-independent, let us note first that the ξ-dependence in Eq.(22) appears only in the (χ, A)–propagator D_{ab}. We may write D_{ab}(k) as

D_{ab}(k) = D^{(0)}_{ab} (k) + ξ k^4

D^{(1)}_{ab} (k) (24)

where D^{(0)}_{ab} is block-diagonal and the ξ-dependence is made explicit. Note that iD_{ab}(k) is hermitian. Keeping track of the momentum direction, we have ξD^{(1)}_{ab} (k)V_{bc}(k, k^′) = iξ −g^2 i g k^ν −i g k^μ − k^μk^ν 2iυ −k · k^′ i g k_σ i g k^′_ν g_{νσ}g^2 = 0 (25)

So the ξ-dependence in Eq.(22) drops out and we are left only with

D^{(0)}_{ab} (k) = i 1 k^2υ^2 0 0 1 k^2 − m^2_A (g^{μν} − k^μk^ν k^2 ) (26)

As a result, only diagrams (a, b, c, d) contribute to Eq.(22), which now becomes

Σ^′(p) = i 2 ∫ d^dk (2π)^d { λ^2υ^2 (k^2 − m^2_H )((p + k)^2 − m^2_H ) +

+ 4g^2m^2_A (k^2 − m^2_A)((p + k)^2 − m^2_A) ( d − k^2 m^2_A − (p + k)^2

m^2_A + [k · (p + k)]^2 m^4_A )} (27)

where d is the space-time dimension. The p^2-term of Eq.(27) gives Z_ρ(υ). In essentially the same fashion, the ξ-dependence in Z_1(υ) also drops out. It is straightforward to check that Z_1(υ) = Z_3(υ) = Z_4(υ). Finally, to one loop we have

Z_ρ[ρ] = 1 + h̄ 16π^2 { λ^2ρ^2 12 m^2_H

+ 3g^2 ln m^2_A μ^2 } (28)

Z_1[ρ] = 1 + h̄ 16π^2

3g^2 m^2_H ln m^2_H μ^2

− m^2_A ln m^2_A μ^2 m^2_H − m^2_A + m^2_H − 5m^2_A 2υ^2

(29)

where μ^2 is the renormalization scale. It is obvious that after Γ [ ϕ, A_μ] is calculated in the polar basis, it can be expressed in any basis we want.

In the polar gauge, the Goldstone boson χ is always massless, at or away from the minimum of the effective potential. So the Higgs mechanism can take place whenever υ is non-zero, and the ξ-dependence drops out in the Γ [ ϕ, A_μ] calculations.

6 Unitary Gauge

With the gauge invariance condition (4), independent calculations of Z_1[ρ], Z_3[ρ] and Z_4[ρ] are clearly redundant. To avoid this redundancy, let us introduce the combination B_μ = A_μ − 1 g ∂_μχ (30)

which brings us to the unitary gauge Lagrangian :

L = 1 2 (∂_μρ)^2 + 1 2 g^2B^2ρ^2 − 1 4 ~F_{μν} ~F^{μν} − V [ρ] (31) In this case, a single source term for the combination B_μ can be introduced in the generating functional, instead of separate sources for A_μ and χ. In the unitary gauge, both B_μ and ρ are invariant under the gauge transformation (3), so the source terms for B_μ and ρ are gauge invariant. Also, it is well-known that only physical degrees of freedom have quantum fluctuations, and no gauge-fixing is necessary in this case. So the resulting Γ[ϕ, A_μ] is by definition gauge-invariant.

The one-loop contribution to the effective potential in the unitary gauge has been calculated long ago [4, 6]:

V_1(υ) = − i 2 ∫ d^4k (2π)^4 ln [ −g^2 (k^2 − m^2_A)^3 (k^2 − m^2_H ) ]

So V [ρ] in the unitary gauge agrees with V [ρ] in the polar gauge (21).

Evaluation of Σ(p) is also straightforward (as before, p_μ-independent terms are omitted):

Σ^′(p) = i 2 ∫ d^4k (2π)^4 {D_H (k)(−iλυ)D_H (p + k)(−iλυ) + (32) + D^U_{μν}(k) (2 ig^2υ g_{νρ}) D^U_{ρσ}(p + k) (2 ig^2υ g_{σμ}) }

where D_H is the Higgs propagator and D^U_{μν} is the gauge boson propagator (83) in the unitary gauge. It is easy to check that Eq.(32) is exactly Eq.(27), i.e. the second term in Eq.(32) reproduces the ξ-independent contributions from diagrams (b, c, d) in Eq.(23). So Z_ρ[ρ] in the unitary gauge agrees with that obtained in the polar gauge. The λ^2 term in Z_ρ[ρ] (28) agrees with that given in Ref.[9]. As expected, Z_1[ρ] is also the same in both gauges.

It is interesting to compare these two gauges. Gauge-fixing is necessary in the polar gauge; so, to obtain Γ[ ϕ, A_μ], we must remove the gauge-fixing term Γ_{gf} [ ϕ, A_μ] (2) from Γ_{cov}[ ϕ, A_μ] (18). The advantages of the polar gauge are that we can explicitly see how the ξ parameter disappears in Γ[ ϕ, A_μ], and that the asymptotic behaviors of the gauge-Goldstone boson propagators are clearly renormalizable. On the other hand, there is no gauge-fixing in the unitary gauge; so, here we calculate Γ[ ϕ, A_μ] directly, without the gauge-fixing term to worry about. However, asymptotic behavior of the gauge boson propagator is not obviously renormalizable. So the agreement in the one-loop calculations in the two gauges provides a valuable check.

7 Physical Effective Potential

As we have seen, the kinetic terms in the effective action no longer maintain their original canonical forms, i.e., Z_i are not unity. To define the physical effective potential that measures the energy density in the universe, a field redefinition is necessary. The Higgs field in the effective potential should be redefined so that its kinetic term recovers its original canonical form. The effective potential in terms of this new dressed field should be the physical effective potential.

To illustrate this point, let us consider for the moment the Lagrangian of a point particle in classical mechanics. Here the potential U(x) measures the potential energy of the particle. Now, let us consider x = f(y), where f(y) is a well-behaving function. The action can be written as S = ∫ dt [ ẋ^2 2 − U(x) ] = ∫ dt [ Z(y) ẏ^2 2 − V (y) ] (33)

where Z(y) = f^′(y)^2. Of course, the theory is the same in either coordinate, although x-coordinate is clearly the natural and most physical choice. In the y-coordinate, we need to know V (y), as well as the function f(y) or, equivalently, Z(y). Starting in the y-coordinate, the potential U(x) cannot be determined from V (y) alone - knowledge of Z(y) is also neccessary. Now let us go back to the Higgs theory case where the situation is completely analogous. A new (dressed) field σ(x) as a functional of ρ(x) can be introduced, such that Z_σ[σ] = 1. In the small momenta regime, U[σ] determined by V [ρ] and Z_ρ[ρ] is the physical effective potential. One may use it to calculate physical masses, critical temperature and other physical quantities.

Let us introduce the dressed field σ(x) σ[ρ] = ∫ ρ Z_ρ[ρ^′]^{12} dρ^′ (34)

Now, the physical effective potential is the effective potential expressed in terms of this dressed field σ(x):

U[σ] = V [ρ (σ)] = m^2σ^2 2 + λσ^4 4! + h̄ 64 π^2 { m^4_H ( ln m^2_H μ^2 − 3 2 ) + (35)

+3 m^4_A( ln m^2_A μ^2 − 5 6 ) − 6m^2_Gm^2_A( ln m^2_A μ^2

− 2) + m^2_G λ σ 3 ( a Arctanh σ a − σ )}

where

m^2_A = g^2σ^2 , m^2_H = m^2 + λσ^2 2 , m^2_G = m^2 + λσ^2 6 and a^2 = −

2m^2 λ (36)

For the spontaneous symmetry breaking case, m^2 is negative.

As an illustration, let us see how U[σ] is related to the physical Higgs mass. Let the vacuum expectation values be ⟨ρ⟩ = υ and ⟨σ⟩ = ω. Let us first assume that the higher derivative terms in the effective action can be ignored. Then

m^2_H = U^{′′}(ω) | | | ω = ω_{min} = V^{′′}(υ) · Z^{−1}(υ) | | | | | υ = υ_{min} (37)

where ω_{min} and υ_{min} are determined by

U^′(ω_{min}) = 0 and V^′(υ_{min}) = 0

If the Higgs mass is not small, we must include the effects of the higher derivative terms in Γ[ϕ, A_μ]. Recall that the 1PI Higgs two-point function gives

Σ(p^2) = V^{′′}(υ) − p^2Z_ρ(υ) − Y (p^2, υ) (38)

where Y (p^2, υ) ∼ O(p^4) and stands for the relevant higher derivative terms, obtainable from Eq.(27). In the polar gauge, Y (p^2, υ) is gauge-invariant and finite at one-loop. Looking for the Higgs mass as a pole in the propagator in the momentum space, we have

Z_ρ(υ) p^2 + Y (p^2, υ) − V^{′′}(υ) | | | υ = υ_{min} , p^2 = m^2_H

= 0 (39) or m^2_H = U^{′′}(ω_{min}) − Y (m^2_H , υ_{min}) · Z^{−1}(υ_{min}) (40) To compare this result with that from the standard perturbation theory, let us introduce the following notations:

m^2_H = m^2_{H, 0} + h̄ m^2_{H, 1} + . . . υ_{min} = υ_0 + h̄ υ_1 + . . . Z_ρ = 1 + h̄ Z_{ρ, 1} + . . . ω_{min} = ω_0 + h̄ ω_1 + . . . V = V_0 + h̄ V_1 + . . .

Recall that the minimum of V_0 is at υ_0 (ω_0 = υ_0 since Z_{ρ, 0} = 1) i.e. V^′_0 (υ_0) = 0. For m^2 < 0, we have

υ^2_0 = −

6 m^2 λ and m^2_{H, 0} = V^{′′}_0 (υ_0) = −2m^2

To order h̄, the minima of V (υ) and U(ω) are shifted by υ_1 and ω_1 correspondingly, with

υ_1 = −

V^′_1 (υ_0) V^{′′}_0 (υ_0) and ω_1 = υ_1 + 1 2 ∫ υ_0 Z_1(υ^′) dυ^′

and we have

m^2_{H, 1} = V^{′′}_1 (υ_0) − m^2_{H, 0}Z_1(υ_0) − Y_1(m^2_{H, 0}, υ_0) −

V^′_1 (υ_0) V^{′′′}_0 (υ_0) V^{′′}_0 (υ_0)

(41) or m^2_{H, 1} = i ŒÆ Øø � � � �_{+ ŒÆ} Øø � � � � υ^2 = υ^2_0 , p^2 = m^2_{H, 0}

(42)

The last term corresponds to the second diagram : V^{′′′}_0 (υ_0) is 3-vertex, −V^{′′}_0 (υ_0) is the inverse scalar propagator at zero momentum and V^′_1 (υ_0) is clearly the tadpole itself. This is simply the result derived in Ref.[10], where the gauge invariance of m^2_{H, 1} is clearly shown.

Let us go back to the massless (i.e. m^2 = 0) scalar QED case. From Eq.(35), we easily obtain the one-loop (physical) effective potential calculated in the polar basis, U[σ] = λσ^4 4! + h̄ 64 π^2 { 1 4 λ^2 + 3g^2 − λg^2 } ln σ^2 μ^2

(43)

which is obviously ξ–independent. In the (ϕ_1, ϕ_2)–basis in the covariant gauge, Z_2[ϕ] = 0 in the limit m^2 = 0 , and

Z_ρ[ϕ] = Z_1[ϕ] = 1 + h̄ 16 π^2

(3 − ξ)g^2 ln ϕ^2 μ^2

(44)

and, from Ref.[2], V_{Cartesian}[ϕ] = λϕ^4 4! + h̄ 64 π^2 { 5 18 λ^2 + 3g^2 − 1 3 ξλg^2 } ln ϕ^2 μ^2

(45)

the resulting physical effective potential is also explicitly ξ–independent, U_{Cartesian}[σ] = λσ^4 4! + h̄ 64 π^2 { 5 18 λ^2 + 3g^2 − λg^2 } ln σ^2 μ^2

(46) so we expect all physically measurable quantities to be ξ-independent when calculated in this basis. However, the one-loop (physical) effective potential calculated in the (ϕ_1, ϕ_2)–basis, Eq.(46), differs from that calculated in the polar basis, Eq.(43). Which is correct? Our reasoning clearly implies that the polar gauge calculation, Eq.(43), is correct. When we move away from the massless limit, the ξ-dependence reappears in the (ϕ_1, ϕ_2) basis result, and there is no symmetry associated with the massless limit. In contrast, Eq.(35) is always ξ-independent. Again, we can trace the difference (the λ^2/36 term) between the two expressions to the non-zero Goldstone mass m^2_G in the (ϕ_1, ϕ_2)–basis. As we have argued, this m^2_G is an artifact.

8 SU (2) Higgs Theories

The generalization of the previous discussions to the non-Abelian Higgs theories is quite straightforward.

Here let us consider the SU(2) theory with a fundamental Higgs. This theory occurs in the standard electroweak theory if we set the Weinberg angle to zero. It is convenient to write the complex Higgs doublet as a quadruplet of real scalar fields with an SO(4) symmetry, ϕ = (ϕ_0, ϕ_1, ϕ_2, ϕ_3) and D_μϕ = (∂_μ − igT_aA_{aμ})ϕ, where [ T_a , T_b ] = iε_{abc} T_c. We choose i T_a to be real and antisymmetric 4 × 4 matrices (e.g., T_1 = −^1_2 τ_3 σ_2 , T_2 = −^1_2 τ_2 1 and T_3 = −^1_2 τ_1 σ_2 where τ_i and σ_j are two sets of Pauli matrices).

In the polar basis (ρ, χ_a), where

ρ^2 = ϕ^2 ∂_μχ_a = 2i(T_a)_{jk} ϕ_j ∂_μϕ_k ϕ^2

(47)

the kinetic term becomes

∂_μϕ_i ∂^μϕ_i = ∂_μρ∂^μρ + ρ^2∂_μχ_a ∂^μχ_a (48)

The Lagrangian density then becomes L = 1 2 (∂_μρ)^2 + 1 2 ρ^2(∂_μχ^a − g 2 A^a_μ)^2 − 1 4 F^a_{μν} F^{aμν} − V [ρ] (49)

Note that this polar basis is different from the more conventional (ρ, λ_a) basis, given by ϕ(x) = ρ(x) e^{2 i Taλa(x)} (50)

or, in the more conventional doublet notation,

ϕ^′(x) = 1 √ 2 e^{i τaλa(x)} ( 0 ρ(x) ) (51)

If we write λ_a(x) = n̂_a(x) ϵ(x) where n̂^2 = 1, then it is easy to check that

∂_μχ_a = n̂_a∂_μϵ + cos ϵ sin ϵ ∂_μn̂_a − sin^2ϵ ε_{abc} n̂_b∂_μn̂_c (52)

To one-loop, we have

V [ρ] = m^2ρ^2 2 + λ ρ^4 4! + h̄ 64 π^2 { m^4_H ( ln m^2_H μ^2 − 3 2 ) + 9 m^4_A( ln m^2_A μ^2 − 5 6 ) } (53)

Z_ρ[ρ] = 1 + h̄ 16 π^2 { λ^2ρ^2 12 m^2_H + 9 g^2 4 ln m^2_A μ^2 } (54)

where m^2_H = m^2 + λ ρ^2 2 , m^2_A = g^2ρ^2 4 (55)

9 Finite Temperature

By now, it should be obvious that the one-loop contribution to the finite temperature effective potential V^β[ρ] is also gauge-invariant. The V^β[ρ] is obtained when we convert the four-momentum integration in Eq.(20) to a three-momentum integration and a sum over the Matsubara modes (in the imaginary time formalism) [11, 12], ∫ d^4k (2π)^4 −→ ∑ ω 1 β ∫ d^3k (2π)^3

, k_0 → ω = 2πi nT (56)

Up to irrelevant constant, the integrand in Eq.(20) is ξ-independent. This means that the V^β[ρ] is gauge invariant, and is exactly the same as that in the unitary gauge [12]. Clearly, the same gauge invariant argument applies to the various finite temperature Z^β_i [ρ]. Of course, the presence of the heat bath four-velocity introduces additional invariants in the finite temperature effective action [13]. The critical temperature (in the high temperature regime) determined from the unitary gauge was shown to agree with that determined from other gauges [14].

10 Concluding Remarks

It is an elementary fact that a problem with rotational symmetry should be tackled using polar coordinates, not Cartesian coordinates. All Higgs theories have rotational symmetries, so any perturbation expansion should be carried out in the appropriate polar variable basis.

What is wrong with the Cartesian basis? The problem stems from the unphysical degrees of freedom with gauge-dependent masses which are always present in the Cartesian basis and thus bring gauge-dependence into the effective action. These gauge-dependent masses turn to zero when the would-be Goldstone bosons mass vanishes. So, if we carry out the perturbation expansion around the minimum of the effective potential, where the would-be Goldstone bosons are massless, the gauge dependence drops out. This explains why usual gauges in Cartesian basis are acceptable choices for the perturbation expansion around a stable point of the theory.

The would-be Goldstone bosons are always massless in the polar basis, no matter whether we sit at the minimum of the potential or not (and we have to move away from the minimum in order to determine effective action). Physically, the gauge bosons become massive whenever the vacuum expectation value for the scalar field is non-zero. For the Higgs mechanism to work, this requires the would-be Goldstone bosons to be massless, at the minimum or away from it. Thus the polar basis should be used for the effective action calculations, while any basis is valid for the perturbative calculations around the minimum of the potential.

Even in the pure complex scalar theory, the effective potentials obtained from the Cartesian and the polar bases are different. Again, the difference comes from the non-zero Goldstone boson mass in the Cartesian basis. Our argument implies that for theories with only global symmetries, the appropriate polar bases give reliable results.

Acknowledgement

We thank Mark Alford, Brian Greene, Zurab Kakushadze, Tomislav Prokopec and Tung-Mow Yan for discussions. This work is supported by a grant from the National Science Foundation.

Appendix A

Here we present a brief discussion of the Goldstone and the Higgs theorems. Consider the generating functional Z[J_a] of connected diagrams and the corresponding effective action Γ [ψ_a]:

Γ [ψ_a] = Z[J_a] − ∫ d^4x J_a(x) ψ_a(x) , where δ Γ δψ_a(x) = − J_a(x) (57)

The inverse propagator is given by D_{ab} �1 (x − y) = δ^2 Γ δ ψ_a(x) δ ψ_b(y) = − δ J_a(x) δ ψ_b(y) (58)

Now, variations of the sources can be expressed in terms of the inverse propagators and variations of the fields, δ J_a(x) = − ∫ d^4y D_{ab} �1 (x − y) δ ψ_b(y) (59)

Let us consider the Abelian Higgs theory in both the Cartesian and the polar bases. In the Cartesian basis, ψ_a = (ϕ_i, A_μ). Under an infinitesimal gauge transformation θ(x), δ ψ_a(x) become

δϕ_1 = − θ ϕ_2 , δϕ_2 = θ ϕ_1 and δA_μ = 1 g ∂_μθ In the limit J_a → 0, and δJ_a → 0, spontaneous symmetry breaking takes place when ϕ developes a non-zero vacuum expectation value. We may take ⟨ϕ_1⟩ = υ and ⟨ϕ_2⟩ = 0. In this case, the Fourier transforms of δ J_2(x) and δ J_μ(x) are given by

D_{22} �1 (k)υ θ + 1 g D_{2 μ} �1 (k) k^μθ = 0 (60) D_{μ 2} �1 (k)υ θ + 1 g D_{μν} �1 (k) k^νθ = 0 (61)

Note that for the pure complex scalar theory, θ is a non-zero constant and Eq.(60) reduces to D_{22} �1 (k) υ θ = 0 (62) At zero momentum, this is simply m^2υθ = 0. When υ ≠ 0, this equation implies that ϕ_2 describes a massless Goldstone boson. This is the proof of the Goldstone theorem due to Jona-Lasinio [15]. Writing Γ [ ϕ, A_μ] of the Abelian Higgs theory in the form given in Eq.(1), Eqs.(60, 61) become, for small momenta,

Z_1(υ) (k^2 − m^2)υ θ − Z_3(υ) k^2υ θ = 0 (63)

Z_3(υ) k^μgυ^2 θ − Z_4(υ) m^2_A g k^μ θ = 0 (64) where terms with higher powers in momenta have been dropped. Since Γ [ ϕ, A_μ] is gauge-invariant, i.e., Z_1(υ) = Z_3(υ) = Z_4(υ), (which follows from the gauge invariance condition (4)), we have m_A = gυ and m_2 = 0, as expected. This means the gauge boson is massive when υ ≠ 0. This is the Higgs theorem. In this (ϕ_1, ϕ_2)–basis, note that both Eq.(60) and Eq.(62) are satisfied only at the minimum (or in general, any extremum) of the potential. This is because

m^2 = 1 υ ∂V (υ) ∂υ which is zero only at the extremum of the potential.

If we now go to the polar basis, i.e. ψ_a(x) = (ρ, χ, A_μ), the infinitesimal gauge transformation becomes

δρ = 0 , δχ = θ and δA_μ = 1 g ∂_μθ (65)

Following the same analysis, we have D_{χχ} �1 (k)θ + i g D_{χ μ} �1 (k) k^μθ = 0 (66) iD_{μ χ} �1 (k) θ − 1 g D_{μν} �1 (k) k^νθ = 0 (67)

Since Γ [ρ, χ, A_μ] is explicitly U(1)–invariant, we have, for any υ ≠ 0,

m^2_χ = 0, Z_1(υ) = Z_3(υ) = Z_4(υ) (68)

For small momenta, we see that Eq.(66) is always satisfied, at or away from the minimum of the potential. Eq.(67) gives m^2_A = g^2υ^2. To obtain the physical gauge boson mass, we must go to the pole of the propagator (sitting at the minimum of the effective potential). In the pure complex scalar theory, the Goldstone theorem holds in the polar basis both at and away from the minimum of the potential. This is not the case in the Cartesian basis. Since we expect the Higgs mechanism to take place whenever υ ≠ 0, even when υ is not at the minimum of the potential, it is clear that the polar basis, not the Cartesian basis, captures the correct physics.

Using the Lagrangian (49) given in Sec.8, the generalization of the above argument to the SU(2) non-Abelian Higgs theory is straightforward.

Appendix B

Here we review [4] the details of the calculation of V_{R¸, 1}(υ, u, ξ). The quadratic (matter) part of the shifted and gauge-fixed Lagrangian (11) is : iD^{−1}(υ, u, ξ) = (69) (k^2 − m^2_G)(δ_{ij} − η_i η_j) + i g ϵ_{ii}0(υ_i0 − u_i0) k^ν +(k^2 − m^2_H ) η_i η_j − M^2(δ_{ij} − ε_iε_j)

−i g ϵ_{jj}0(υ_j0 − u_j0) k^μ − (k^2 − m^2_A) ( g^{μν} − k^μk^ν k^2 ) − − 1 ξ (k^2 − ξm^2_A) k^μk^ν k^2

where

υ^2 = υ^2_1 + υ^2 , η_i = υ_i √ υ^2

, u^2 = u^2_1 + u^2 , ε_i = u_i √ u^2

(70)

m^2_H = m^2 + λυ^2 2 , m^2_G = m^2 + λυ^2 6 , m^2_A = g^2υ^2 , M^2 = ξ g^2u^2

Using the property det | | | | A B C D | | | | = det |A| det |D − CA^{−1}B| , (det |A| ≠ 0) , (71)

the evaluation of det | iD^{−1}(υ, u, ξ) | is straightforward :

det | iD^{−1}(υ, u, ξ) | = (k^2 − m^2_A)^3 (k^2 − m^2_1)(k^2 − m^2)(k^2 − m^2_3) (72) where m_i’s are defined by :

m^2_1 + m^2 + m^2_3 = m^2_H + m^2_G + 2 ξ g^2 u_i υ_i (73) m^2_1m^2 + m^2_1m^2_3 + m^2m^2_3 = m^2_H m^2_G + ξm^2_Am^2_G + 2 ξ g^2m^2_H u_i υ_i + ξ^2g^4[u_i υ_i]^2 m^2_1m^2m^2_3 = ξm^2_Am^2_H m^2_G + ξ^2g^4m^2_H [u_i υ_i]^2 + ξ^2g^4m^2_G [ϵ_{ij}υ_i u_j]^2 The result is V_{R¸, 1}(υ, u, ξ), with all bare quantities replaced by their renormalized counterparts : V_{R¸, 1}(υ, u, ξ) = 1 64π^2 { 3m^4_A ( ln m^2_A μ^2 − 5 6 ) + m^4_1 ( ln m^2_1 μ^2 − 3 2 ) + (74)

+ m^4_2 ( ln m^2 μ^2 − 3 2 ) + m^4_3 ( ln m^2_3 μ^2 − 3 2 ) − 2 m^4_g ( ln m^2_g μ^2 − 3 2 )}

where the last term comes from the ghost contribution with m^2_g = ξg^2u_iυ_i.

Appendix C

The Feynman rules of the shifted Abelian Higgs model in the covariant gauge, (ϕ_1, ϕ_2) basis ( here we follow the convention of Ref.[16]):

Propagators:

Scalar: i j i [ k^2 − ξm^2_A D(k^2)

(δ_{ij} − η_i η_j) + 1 k^2 − m^2_H η_i η_j ]

Gauge: μ ν � � −i [ 1 k^2 − m^2_A (g^{μν} − k^μk^ν k^2 ) + ξ(k^2 − m^2_G) D(k^2) k^μk^ν k^2 ]

mixed: μ i � � k − ξ g D(k^2) k^μ ϵ_{ij} υ_j

Vertices:

� @@^r_{j k} i −i λ 3 (δ_{ij}υ_k + δ_{jk}υ_j + δ_{ki}υ_j) �_� � � � � � � � r μ ν i 2 ig^2υ_i g^{μν}

� � @@ @@^r_{j l} i k −i λ 3 (δ_{ij}δ_{kl} + δ_{ik}δ_{jl} + δ_{il}δ_{jk}) �_� � � � � � � � �@@_{μ ν} i j_r 2 ig^2δ_{ij} g^{μν} @@^��_�^��_{�μ} i

j r k_2 k_1 gϵ_{ij} (k_1 + k_2)^μ

Table 1:

where

D(k^2) = k^4 − k^2m^2_G + ξm^2_Am^2_G = (k^2 − m^2_+)(k^2 − m^2_−) (75)

Appendix D

One-loop correction to the effective potential in the covariant gauge, (ϕ_1, ϕ_2)- basis, is simply given by the u_1 = 0 , u_2 = 0 limit of Eq.(74): V_{cov, 1}(υ) = 1 64π^2 { 3m^4_A ( ln m^2_A

μ^2 − 5 6 ) + m^4_H ( ln m^2_H

μ^2 − 3 2 ) + (76)

+ m^4_+ ( ln m^2_+

μ^2 − 3 2 ) + m^4_− ( ln m^2_−

μ^2 − 3 2 )}

where m^2_+ , m^2_− are defined by Eq.(75)

To check the gauge symmetry condition (4) we need to evaluate the following ten diagrams. The p^2 term from diagrams (a − c) contributes to Z_1, the p_μ term from diagrams (d − g) - to Z_3 and p_μ = 0 term in diagrams (h − k) - to Z_4.

ŒÆ

Øø i j r r (a) +^{r r} ŒÆ i j � � � � � � � � � � �

(b) + i j r r ŒÆ

Ø � � � � � �

(c)

i � � � � � μ^{r r} ŒÆ

Øø

(d) + i � � � � � μ^{r r} ŒÆ

� � � � � � � � � � �

(e) + i � � � � �μ^{r r} ŒÆ ø � � �

(f) + i r r � � � � � μ ŒÆ

Ø � � � � � �

(g)

μ ν r � � ŒÆ

Øø

(h) + μ ν r r � � � � � � ŒÆ

Øø

(i) + μ ν r r � � � � � � ŒÆ ŒÆ

� � � � � � � � � � �

(j) + μ ν r r � � � � � � ŒÆ

Ø � � � � � �

(k)

Contributions of these diagrams are summarized in the following table: a) λ^2υ^2 9 {D^1 − ξm^2_AC^1}

b) g^2 ( 1 2 − 3B^0 (A, H) ) + ξg^2 { D^0 − m^2_GC^0 + m^2_G(2m^2_H − ξm^2_A)C^1 − 2m^2_H D^1 −^1_2 }

c) 2 · ξg^2 λυ^2 3 {m^2_H C^1 − C^0} d) λ^2υ^2 9 {D^1 − ξm^2_AC^1} + ξg^2 λυ^2 3 D^1

e) g^2 ( 1 2 − 3B^0 (A, H) ) + ξg^2 { m^2_G(m^2_H − ξm^2_A)C^1 − m^2_H D^1 −^1_2 }

f) ξg^2 λυ^2 3 {m^2_H C^1 − C^0 − D^1} g) ξg^2 { D^0 + λυ^2 3 D^1 + ξm^2_Am^2_GC^1 +^1_2 }

h i } λ^2υ^2 9 {D^1 − ξm^2_AC^1} + ξg^2 { 2 λυ^2 3 D^1 + ξm^2_Am^2_GC^1 }

j) g^2 ( 1 2 − 3B^0 (A, H) ) + ξg^2 { m^2_GC^0 − D^0 −^1_2 }

k) 2 · ξg^2 { D^0 +^1_2 }

Table 2:

Following notations were used for the integrals calculated in the minimal substraction scheme : i 16π^2

B_0(m_1, m_2, p^2) ˙= μ^ϵ_0 ∫ d^dk (2π)^d 1 (k^2 − m^2_1)((k + p)^2 − m^2)

(77)

B_0(m_1, m_2, p^2) = B^0 (m_1, m_2) + B^1_0 (m_1, m_2) · p^2 + O(p^4) + . . . (78)

Shorthand B(m_1, m_2) = B(1, 2) is used from now on.

B^0 (1, 2) = m^2_1 ln m^2_1 μ^2

− m^2 ln m^2 μ^2 m^2 − m^2_1

B^1_0 (1, 2) = 1 2 m^2_1 + m^2 (m^2_1 − m^2)^2 + m^2_1m^2 ln m^2_1 m^2 (m^2_1 − m^2)^3 (79) where ln μ^2 ≡ 2 ϵ − γ + ln 4πμ^2_0 (80)

As a shorthand, we introduce

C^i =

B^i_0(H, +) − B^i_0(H, −) m^2_+ − m^2_−

; D^i = m^2_+B^i_0(H, +) − m^2_−B^i_0(H, −) m^2_+ − m^2_−

(81)

with m_+ and m_− defined by Eq.(75).

Tensor integrals were reduced to scalar integrals and expressed in terms of B^0 and B^1_0 with the help of covariant decomposition and contractions. An overall factor^i_{16π2} is implicit throughout.

Using results from the table, it is straightforward to check that Z_1 = Z_3 = Z_4. Z_2 is evaluated in a similar way, leading to a rather cumbersome expression.

To show that it is not zero, we go to the ξ = 0 limit :

Z_2[ϕ] = λ^2ϕ^2 12 m^2_H + λ^2ϕ^2 108 m^2_G − λ 6 m^2_H + m^2_G m^2_H − m^2_G + λ 3 m^2_H m^2_G ln m^2_H m^2_G (m^2_H − m^2_G)^2 +

+ 3g^2 m^2_H ln m^2_H m^2_A m^2_A − m^2_H − m^2_G ln m^2_G m^2_A m^2_A − m^2_G

(82)

Appendix E

Shifting ρ → ρ + υ in the Lagrangian (17) one gets the following Feynman rules in the polar gauge (neglecting trivial ghost fields):

Propagators:

ρ-field: i k^2 − m^2_H

Gauge: μ ν � � −i [ 1 k^2 − m^2_A (g^{μν} − k^μk^ν k^2 ) + ξk^μk^ν k^4 ]

χ-field: i k^2 − ξm^2_A

k^4υ^2

mixed: μ^�� k − ξgk_μ k^4

Vertices:

� @@^{r −iλυ �}�_�^��^��^��_�^r_{μ ν}^{2 ig2υ gμν r} k2k1^{−2 iυ(k1 · k2)}

� �@@ @@^{r −iλ �}�^��^��^��

�@@_{μ ν}r_{2 ig}2_gμν �@@ r_{k2k1 −2 i(k1 · k2)} r� � � �μ k 2gυk^μ � �@@_{r�} �μ k 2gk^μ Table 3: Feynman rules in the polar gauge

In the unitary gauge the χ-field is absent. So the Feynman rules in the unitary gauge can be obtained from the above tables if we delete all propagators and vertices that involve χ and replace the gauge propagator with: D^U_{μν} (k) = − i k^2 − m^2_A ( g^{μν} − k^μk^ν m^2_A

) (83)

References

[1] For reviews, see e.g., M. Sher, Phys. Rep. 179 (1989) 273; J.I. Kapusta, ”Finite-temperature field theory” (Cambridge University Press, 1993). Some of the classic papers on this subject are listed below.

[2] S. Coleman and E. Weinberg, Phys. Rev. D7 (1973) 1888; R. Jackiw, Phys. Rev. D9 (1974) 1686.

[3] K. Fujikawa, B.W. Lee and A.I. Sanda, Phys. Rev. D6 (1972) 2923; Y.P. Yao, Phys. Rev. D7 (1973) 1647.

[4] L. Dolan and R. Jackiw, Phys. Rev. D9 (1974) 2904. [5] R. Fukuda and T. Kugo, Phys. Rev. D13 (1976) 3469. [6] S. Weinberg, Phys. Rev. D7 (1973) 2882. [7] See e.g., L.F. Abbott, Nucl. Phys. B185 (1981) 189;

L.F. Abbott, M.T. Grisaru and R.K. Schaefer, Nucl. Phys. B229 (1983) 372. [8] B. Kastening, Phys. Rev. D51 (1995) 265.

[9] J. Iliopoulos, C. Itzykson and A. Martin, Rev. Mod. Phys. 47 (1975) 165. [10] T. Appelquist, J. Carazzone, T. Goldman and H.R. Quinn, Phys. Rev. D8 (1973) 1747.

[11] D.A. Kirzhnits and A.D. Linde, Phys. Lett. 42B (1972) 471; S. Weinberg, Phys. Rev. D9 (1974) 3357; C.W. Bernard, Phys. Rev. D9 (1974) 3312.

[12] L. Dolan and R. Jackiw, Phys. Rev. D9 (1974) 3320. [13] H.A. Weldon, Phys. Rev. D26 (1982) 1394.

[14] Y. Ueda, Phys. Rev. D23 (1981) 1383; P. Arnold, E. Braaten and S. Vokos, Phys. Rev. D46 (1992) 3576; P.F. Kelly, R. Kobes and G. Kunstatter, Phys. Rev. D50 (1994) 7592.

[15] G. Jona-Lasinio, Nuovo Cimento 34 (1964) 1790. [16] J.S. Kang, Phys. Rev. D10 (1974) 3455.