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The Synchrotron Integrals with Coupling

D. Sagan

1 Synchrotron Integrals

The synchrotron integrals used to compute emittances, the energy spread, etc., have
been analyzed assuming no coupling between the horizontal and vertical planes[1,
2]. With Mobius, these assumptions are not valid and so this paper presents the
appropriate generalizations. To simplify matters it will be still be assumed that the
bends are in the horizonal plane. In this case I1, I2, I3, and I5 are unchanged (but are
given below for completeness). Without proof, the generalized synchrotron integrals
are:

I1 =
I
dsG�x

I2 =
I
dsG2

I3 =
I
ds jG3j

I4a =
I
ds (G2 + 2K1)G�ax (1)

I4b =
I
ds (G2 + 2K1)G�bx

I4z =
I
ds (G2 + 2K1)G�x

I5 =
I
ds jG3jH

where �ax and �bx are the horizontal components of �a and �b respectively. With
Eq. (1), the damping partition numbers are

Ja = 1 +
I4a
I2

Jb = 1 +
I4b
I2

(2)

Jz = 1 +
I4z
I2

(3)
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Since
�ax + �bx = �x ; (4)

Robinson's theorem, Ja + Jb + Jz = 4, is satis�ed.

2 Evaluation of the Integrals

The evaluation of I1, I2, I3, and I4z does not depend upon whether there is coupling
or not and is given by Helm et. al[1]. Using the notation of Helm, the evaluation of
the other integrals is given below.

2.1 Evaluation of I4a and I4b

The relation between the dispersion in eigenmode coordinates and in x|y coordinates
is (cf. Sagan and Rubin[3])

�(4)
a

= V
�1 �(4)

x
; (5)

where the superscript (4) is used to distinguish a 4 element vector from a two element
vector (for compactness, the superscripts on the 2 element vectors will be dropped).

Through a bend were the transfer matrix between two points is of the form

T12 =
�
M 0
0 N

�
; (6)

with

M =

 
cos kl 1

k sin kl
�k sin kl cos kl

!
; (7)

and

k2 =
1

�2
+ k1 ; (8)

k1 being the strength of the quadrupole component of the bend. The propagation of
�(4)
x

is

�(4)
x2 = T12 �

(4)
x1 + �(4)

12 ; (9)

where �(4)
12 is the contribution due to the `generation' of dispersion within a dipole

�(4)
21 =

�
�
x12

0

�
; (10)

with

�
x12 =

�
�(1� cos(s=�))

sin(s=�)

�
: (11)
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V
�1 propagates as[3]

V
�1
2 = T12V

�1
1 T

�1
12

=
�


1 �MC1N
�1

NC
+
1 M

�1 
1

�
: (12)

Using the above equations gives

�
a2 =M�

a1 + 
1 �x12 ;

�
b2 =N�

b1 +NC
+
1 M

�1 �
x12 : (13)

The x components of �
a
and �

b
are obtained by inverting Eq. (5). For the a mode

�
ax

= 
 �
a
: (14)

Also, from Eq. (12)


2 = 
1 : (15)

Using Eqs. (13), (14), and (15) then gives

�
ax2 = 
1M�

a1 + 
21 �x12 : (16)

From Eqs. (6), (9), and (10) �
x
propagates as

�
x2 =M�

x1 + �
x12 : (17)

Comparing Eq. (16) with (17) shows that �
ax

propagates like �
x
except for extra

factors of 
1. Thus, the integrated �ax can be obtained from a modi�cation of Helm
Eq. 14: Z

ds �ax = 
0 �a0
sin kl

k
+ 
0 �

0

a0

1� cos kl

k2
+


20
�

kl � sin kl

k3
: (18)

Eq. (18) can be used to evaluate I5a (cf. Helm[1]). For I5b the integral of �bx
can then

be obtained using Eq. (4)

Z
ds �bx =

Z
ds �x �

Z
ds �ax : (19)

2.2 Evaluation of I5a and I5b

To compute I5 we go back to the equation for H

H = 
 �2 + 2� � �0 + ��02

=
h
�; SJ�

i
; (20)
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where [A; B] � At
B, S is given by

S �
�
0 �1
1 0

�
; (21)

and J is the Twiss matrix (cf. Courant and Snyder[4])

J �
�

� �
�
 ��

�
: (22)

The propagation of J through the bend is given by

Ja2 =MJ
�1
a1 M

�1 ;

Jb2 = NJ
�1
b1 N

�1 : (23)

In the case were there is no coupling Hx would propagate like

Hx2 =
h
�
x2; SJx2 �x2

i
=
h
M�

x1 + �
x12; SMJx1M

�1 (M�
x1 + �

x12)
i

=
h
�
x1; SJx1 �x1

i
+ 2

h
�
x1; SJx1M

�1 �
x12

i
+ (24)h

�
x12; SMJx1M

�1 �
x12

i

Where we have used the identity that for arbitrary matrices A and Bh
AB; S

i
=
h
A; SA+

i
: (25)

The integration of Eq. (24) is straight{forward, if tedious, and is given by Helm Eq. 20
(reproduced here for convenience)

Z
dsHx =

h
l (
x0 �

2
x0 + 2�x0 �x0 �

0

x0 + �x0�
02
x0)
i
+

2

�

"
(
x0�x0 + �x0�

0

x0)
sin kl � kl

k3
+ (�x0�x0 + �x0�

0

x0)
1 � cos kl

k2

#
+ (26)

1

�2

"

x0

3kl � 4 sin kl+ sin kl cos kl

2k5
� �x0

(1 � cos kl)2

k4
+ �x0

kl � cos kl sin kl

2k3

#

The 3 terms in Eq. (26) correspond to the integration of the 3 terms in Eq. (24).
With coupling, the propagation of Ha is obtained with the help of Eqs. (13), (20),
and (23) to be

Ha2 =
h
�
a1; SJa1 �a1

i
+ 2 
1

h
�
a1; SJa1M

�1 �
x12

i
+ (27)


21
h
�
x12; SMJa1M

�1 �
x12

i
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This is similar to Eq. (24) with the addition of some factors of 
1. The integration of
Ha is thus obtained from Eq. (26) by inspectionZ

dsHa =
h
l (
a0 �

2
a0 + 2�a0 �a0 �

0

a0 + �a0�
02
a0)
i
+

2
0
�

"
(
a0�a0 + �a0�

0

a0)
sin kl� kl

k3
+ (�a0�a0 + �a0�

0

a0)
1 � cos kl

k2

#
+ (28)


20
�2

"

a0

3kl � 4 sin kl + sin kl cos kl

2k5
� �a0

(1� cos kl)2

k4
+ �a0

kl � cos kl sin kl

2k3

#

For Hb Eqs. (13), (20), and (23) give

Hb2 =
h
�
b1; SJb1 �b1

i
+ 2

h
�
b1; SJb1C

+
1M

�1 �
x12

i
+ (29)h

�
x12; SM(C1 Jb1C

+
1 )M

�1 �
x12

i
Again the integration is straight{forward and givesZ

dsHb =
h
l (
b0 �

2
b0 + 2�b0 �b0 �

0

b0 + �b0�
02
b0)
i
+

2

�

"
(m1c22 �m2 c21)

sin kl� kl

k3
+ (m2c11 �m1 c12)

1� cos kl

k2

#
+ (30)

1

�2

"

e�

3kl � 4 sin kl + sin kl cos kl

2k5
� �e�

(1 � cos kl)2

k4
+ �e�

kl� cos kl sin kl

2k3

#

where

m1 � 
a0�a0 + �a0�
0

a0 ;

m2 � �a0�a0 + �a0�
0

a0 ; (31)

and the e�ective Twiss parameters are de�ned by

Je� � C0 Jb0C
+
0 (32)

which when multiplied out give

�e� = c211 �b0 � 2 c11 c12�b0 + c212 
b0

�e� = �c21 c11 �b0 + (c11 c22 + c12 c21)�b0 � c12 c22 
b0 (33)


e� = c221 �b0 � 2 c21 c22�b0 + c222 
b0 (34)
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