1 August 18, 1998 Localized multibunch modesCBN 98-15Localized Multibunch ModesG. DuganLaboratory of Nuclear Studies, Cornell University, Ithaca, NY 14853It has been suggested1,2 that the phenomenon of intrinsic localized modes inanharmonic condensed matter systems3,4,5,6,7 may also be observed in the excitations ofmultibunch modes in accelerators, in the presence of significant lattice nonlinearities. In thisnote, this possibility is explored quantitatively, for multibunch coupling produced by theresistive wall impedance, and an octupole-generated nonlinearity. The conditions underwhich such modes might be produced at CESR are discussed.1. IntroductionConsider M equally spaced bunches in a ring, of equal population. Let yn(t)(n=0,1,...,M-1) be the "snapshot" transverse (vertical) displacement of the nth bunch. Thedisplacement is given by

y^n(t) = ỹ^n exp − iΩt( )

(1)where

ỹn

(a complex number) represents the amplitude and phase of bunch n at time t=0.The equation of motion8 for bunch n, in the rigid-beam approximation (i.e.,neglectinginternalmotionofthebunchandthelengthofthebunch):

d_2yn(t) dt_2 +ω_{β2}y_n(t) = −

Nr0c γT0 W_1m=0_{M− 1}∑ k=− ∞ ∞∑ − kC−_{m− n}^M C

y^m t − kT^0 − m− nM T^0

(2)In this equation,

W1(z)

is the transverse dipole wake function,

wnwb = 0

is the verticalbetatron frequency, N is the number of particles per bunch, C is the ringcircumference,

TcC0 02= = pw

is the revolution period, and

g= Em c02

. All quantities andequations in this note are given in SI units. Using the above form for yn(t), we can writethis(forW~wb)as

d2yn(t) dt2 +ωβ_2yn(t) = − Nr_0cγT0 W1m=0_{M− 1}∑k=− ∞_∞∑ − kC− m− nM C exp iωβT0 k + m− nM ym t( )

(3)Transforming to the frequency domain and introducing the transverse impedance

Z1⊥ ω( )

,we have

d2yn(t) dt2 +ωβ2yn(t)− ym t( )L(m− n) m=0 M− 1∑ = 0

(4)with

L(m− n) = i 4πNr_0μ^0cγT^02 Z1_⊥ ωβ + pω0 ( ) p=− ∞ ∞∑ exp − 2πip_{m− n}^M

(5)2. Normal ModesThe normal modes of the M bunches are obtained by the usual technique. Let thenormal modes qngivenintermsofynbytherelation

q = C •y

(6)in which C is a matrix. In matrix form, the equation of motion (4) is

˙ẏ +S•y = 0

(7)in which

Smn = ωβ2δmn − L(n − m)

(8)Using (5) to introduce the normal modes, this becomes

˙q̇ +C •S•C− 1q = 0

(9)The matrix C diagonalizes S. The eigenvalues are the normal mode frequencies. Therequiredmatrixis

Cμn = 1M exp − 2πiμnM

(10)The matrix C obeys the following orthonormality condition:

Cμα Cα n* α =0N− 1∑ = 1M exp 2πiα (n − μ)M α =0N− 1∑ = δn− μ,rM

(11)in which r is any integer. Since

Cμn* = Cnμ* = Cnμ− 1

, C is a unitary matrix. Using relation(11),itfollowsthattheeigenvectorsare

Ωμ2 = ωβ2 − i 4πMNr0 μ0cγT02 Z1⊥ ωβ + rM +μ( )ω0 ( ) r=− ∞∞∑

(12)in which m is the normal mode index. This relation between the mode frequency and themode number is the analog of the w(k) dispersion relation encountered in condensed mattersystems. The relation between the displacement of the nth bunch, and the normal modesqm, is given by inverting Eq. (6), using (11):

yn(t) = Cnμ− 1 μ=0n∑ qμ(t) = 1M exp 2πiμnM μ=0n∑ qμ(t)

(13)We can define the frequency shift of normal mode m using the approximation (for Wm~wb)

Ω^μ_2 − ω^β_2 = (Ω^μ − ω^β )(Ω^μ +ω^β ) ≈ 2ΔΩ^μω^β

(14)So we have

DWm b bpw m g w mw= - + +( )( )^=-¥¥�i MNr c T Z rMr2 00 02 1 0

(15)The above expression is correct only for a point bunch, with zero chromaticity. To includethe effects of a finite bunch length (assumed Gaussian, of width s z)andafinitechromaticityx, wemakethereplacement10

Z rM cT M Z r z eff

1 0 0 1 2 ^

= -¥

¥

^ + +()( ) fi ( )� w m w s pb

(16)in which

ZrMrMcrMceff zr zr1 1 0 0 2 220 2 22^ ^= -¥¥ = -¥¥( ) = + +( )( ) - + +()-( )�Ł� �ł�- + +( ) -()�Ł� �ł� �w m w w m w w sw m w w sb b xb xexpexp

(17)and

wxwhx b=

(18)So we get

DW m b pw mgs

= - ()^i NrT Zz eff00 0 1

(19)3. Development of the Green’s function.In the analysis of localized modes3,4,5, we will need to develop the Green’sfunction for the equation of motion, Eq.(4). In that equation, if we let

yn(t) = ỹn exp − iΩt( )

, we have

− Ω2ỹn +ωβ2ỹn − ỹmL(m− n) m=0 M− 1∑ = 0

(20)If we define the matrix

Rmn(Ω) = − Ω2 +ωβ2 ( )δmn − L(n − m)

(21)

4 August 18, 1998 Localized multibunch modesthen the equation of motion is

Rynm mmM ( )W̃= -� =0 1 0

(22)The Green’s function is

Gmn(Ω) = Rmn− 1 (Ω)

and it satisfies the equation

RGnm mnmM nn( ) ( )W W¢= - ¢� =01 d

.(23)To find it, we expand the Green’s function using the normal mode eigenvectors as a basisset

Gmn(Ω) = 1M exp 2πimlM ′l =0 M− 1∑ exp 2πin ′lM l=0M− 1∑ G̃l ′l (Ω)

G̃l ′l (Ω) = 1M exp − 2πimlM n=0 M− 1∑ exp − 2πin ′lM m=0 M− 1∑ Gmn(Ω)

(24)substitute into Eq.. (23) and make use of (11) to get

Gmn(ΔΩ) = − 12Mωβ exp 2πil(m− n)M ΔΩ− ΔΩl ( ) l=0M− 1∑

(25)in which

ΔΩ= Ω− ωβ

, and

ΔΩl

is given by Eq. (19).This result will be used below insection 7.4. Coupling ImpedanceWe will only consider the resistive wall impedance, for the sake of simplicity. Theexistence and general character of the localized modes is not expected to depend sensitivelyon the details of the frequency dependence of the impedance.The transverse impedance associated with the resistive wall9is,forlowfrequencies

ω << μ0σ4π c4b2 13

,

Z1⊥ (ω) = Z0C4πb3 8μ0σ ω 12 1− sign(ω)i ( ) ω

(26)corresponding to the wake function

W1(z) = − 2πb3 4πcμ0σ C z 12 for σ μ0cb2 >> z >> b^2μ0cσ ^13

(27)In these equations, s is the conductivity of the vacuum chamber wall, b is theradius of the (assumed round) vacuum chamber, and Z0 istheimpedanceoffreespace(377 W).For the resistive wall, then, we have, combining Eq. (19) and (26),

5 August 18, 1998 Localized multibunch modes

DW m b b bbb x

pw mg s ms

w mw w mw w mw s w mw w = -

+ +

- + +

( ) + + ·

- + + - ( ) �Ł� �ł� � � i

Nr

T

Z b

pM

sign pM i pM pM c z z 0 0 0 2 0 3 0

0 12 0 0 2 0 2 2 4 8 1 ( )

( ( ) )

( ) exp

( ) p z p_{pM}c

= -¥

¥

= -¥

¥ � �^{- + + -} ( ) �Ł� �ł� exp

( ) s w mw w b x 2 0 2 2

(28)5. Spectrum of the Normal ModesWe choose the following specific case to calculate the normal mode spectrum for CESR.We take N=1.3x1011 (corresponding to about 8 ma per bunch). Using C=778 m, we takean aluminum (s=3.5x107 mho/m) vacuum chamber of radius b=25 mm. We take h=0.01,andabunchlengthofsz=20mm.Thechromaticityissettox=2,whichmakesallofthemultibunch modes stable (i.e., they have a negative imaginary part). Figs. 1 and 2 give therealandimaginarypartsofthefrequencyshift(Eq.(28)),asafunctionofthemodenumber, for M=21 bunches. Fig. 3 shows the frequencies at which the various modeswould be observed on a spectrum analyzer. Figs. 4, 5 and 6 present the same information,but for M=9 bunches.Fig. 1Real part of the frequency shift (abscissa, rad/sec) vs. mode number (ordinate), for M=21

6 August 18, 1998 Localized multibunch modesFig. 2Imaginary part of the frequency shift (abscissa, rad/sec) vs. mode number (ordinate), forM=21

11121091314151617181920087654321f2f03f04f05f06f07f08f09f010f0f0Fig. 3Coupled-bunch mode spectrum for M=21Fig. 4Real part of the frequency shift (abscissa, rad/sec) vs. mode number (ordinate), for M=9

7 August 18, 1998 Localized multibunch modesFig. 5Imaginary part of the frequency shift (abscissa, rad/sec) vs. mode number (ordinate), forM=93f

807612354f2f 4 f 0 f 0 0 5 f 0Fig. 6Coupled-bunch mode spectrum for M=96. Octupole NonlinearityWe introduce an octupole into the ring at the location s1.Providedthatwearenotoperatingclosetoasecondorfourthorderresonance,theoctupolefieldperturbationresultsprimarilyinadependenceofthebetatrontune,

ν = ωβω0

, onamplitude:

ν(a) = ν0 +μa2

(29)in which

m p b b

= 316 63 1 20

kL s( )

(30)

8 August 18, 1998 Localized multibunch modesIn this equation,

kBdBdy3 3 31= r

is the octupole strength, L is the octupole length,

β(s1)

isthe beta function at the location of the octupole, and

β0

is the beta function at the point atwhich the oscillation amplitude is a.7. Localized ModesReturning to the original equation of motion, we have, including the octupolenonlinearity,

d2yn(t) dt2 +ωβ2 (an )yn(t)− ym t( )L(m− n) m=0 M− 1∑ = dt2 +ωβ2yn(t)+ ′μan2yn(t)− ym t( )L(m− n) m=0 M− 1∑ = 0

(31)where

′μ = 2μωβω0

(32)and we assume that ma2<<n.We now look for solutions of the form,

yn(t) = an exp − iΩt( )

, in which

an

is theoscillation amplitude. Equation (31) becomes

− Ω2an +ωβ2an − amL(m− n) m=0 M− 1∑ = − ′μan3

(33)The equation with

′μ

=0 is the same one for which we have found the Green’s function.Thus, referring to Eq. (22) above, we have

Rnm(Ω)am m=0 M− 1∑ = − ′μan3

(34)for which we have the solution, using the Green’s function,

an = − ′μ Rnm− 1 (Ω) m=0 M− 1∑ am3 = − ′μ Gmn(ΔΩ) m=0 M− 1∑ am3 = ′μ2Mωβ exp 2πil(m− n)M ΔΩ− ΔΩl ( ) am3 l=0M− 1∑ m=0 M− 1∑

(35)Using Eq. (32), we have

an = μω0M exp 2πil(m− n)M ΔΩ− ΔΩl ( ) am3 l=0M− 1∑ m=0 M− 1∑

(36)This is essentially a nonlinear eigenvalue equation. There will be normal modes,corresponding to some linear combination of the anamplitudes,andforeachmodetherewillbeafrequencyshiftDW. Because of the nonlinearity, the mode pattern is complex, andthe mode eigenvector and frequency shift will depend on the amplitude of the oscillation.

9 August 18, 1998 Localized multibunch modesWe are interested in specific modes, which are "localized" to one or two bunches;they are like solitons in continuum field theories. If m is negative, the localized mode willhave a frequency below the lowest normal mode frequency shown in Fig. 1 (which ismode # 11 for M=21). If m is positive, the localized mode will have a frequency above thehighest normal mode frequency shown in Fig. 1 (which is mode # 1 for M=21). Following reference 5, let

an = α ξn

, with aameasureoftheoscillationamplitude, and Max(xn)=1. Then we have

ξn = μα 2ω0M exp 2πil(m− n)M ΔΩ− ΔΩl ( ) ξm3 l=0M− 1∑ m=0 M− 1∑

(37)Note that

μα 2ω0

is just the frequency shift produced by the octupole for an oscillation ofamplitude a. Thisequationcanbesolvediterativelyasfollows.Wefirstassumethatonlythe n=0 bunch is excited, so x0=1, and all other xn are zero. Then we have

1= μα 2ω0M 1ΔΩ− ΔΩl l=0M− 1∑

(38)This equation gives the zero-order eigenfrequency shift DW0. We then substitute this intoEq. (37) to get

ξ1 = μα 2ω0M exp − 2πilM ΔΩ0 − ΔΩl l=0M− 1∑

(39)Then, with this value for x1, we solve

1= μα 2ω0M 1ΔΩ1 − ΔΩl +ξ13 exp − 2πilM ΔΩ1 − ΔΩl l=0M− 1∑ l=0M− 1∑

(40)to get the 1st order eigenvalue shift DW1. This is then used, with x1, to get x2, and so on.AnotherapproachistoobservethatEq.(37)isasetofMsimultaneousnonlinearequations;theMunknownsarethexn (except for x0=1) and the frequency shift DW.TheMequationscanthenbesolvedfortheMunknowns.Thisproceduregivesthesameresultastheiterationtechniquefortheexamplediscussedbelow.8. ResultsIn CESR, there are octupoles at 45W, 48W, 48E, and 45E. Each has a lengthL=0.391 m. The vertical beta functions at 45W and 45E are 23.56 m and 22.68 mrespectively; the vertical beta functions at the other two octupoles are much smaller. Thestrength of each is k3[m-4]=0.213 CU/E(GeV), where CU refers to computer units. ThefrequencyshiftwhichappearsinEq.(37)canbewrittenas

10 August 18, 1998 Localized multibunch modes

Δωoct = μα_2ω0 = ω0 316π k3L6 β(s1)_2 α_2β^0 = ω0 3ε_y16π k3L6 β(s1)_2 ασ^y _2

(41)in which the rms vertical emittance is

εy = σ y2β0

and syisthermsverticalbeamsize.Plugging in the above numbers, and using w0=385,000 rad/sec, ey=10-8 m-rad, we get,summingoverthetwooctupolesat45Wand45E,

Δωoct = 0.0041 ασ y 2CU rad / sec

(42)For example, for -1000 computer units in both octupoles and a=5sy(2mm@b=20 m), we have

Δωoct = − 103 rad / sec

.With this nonlinearity, the solution of Eq. (37) for M=21 gives a localized modewith a frequency shift of -504.9-85.6i rad/sec. It is shifted down by about 63 rad/sec fromthe mode #11 frequency. The bunch pattern corresponding to this localized mode is shownin Fig. 7.Fig. 7:Localized mode bunch pattern for

Δωoct = − 103 rad / sec

and M=21For +1000 computer units in both octupoles and a=5sy , we have

Δωoct = 103 rad / sec

. With this nonlinearity, the solution of Eq (34) with M=21 gives alocalized mode with a frequency shift of —317.7-86.6i rad/sec. It is shifted up by about 89rad/sec from the mode #1 frequency. The bunch pattern corresponding to this localizedmode is shown in Fig. 8.

11 August 18, 1998 Localized multibunch modesFig. 8:Localized mode bunch pattern for

Δωoct = 103 rad / sec

and M=21For M=9,

Δωoct = − 103 rad / sec

gives a frequency shift of —511.3-85.3i rad/sec(shifted down by 85.5 rad/sec from mode #8); the localized mode pattern is shown in Fig.9. For M=9 and

Δωoct = 103 rad / sec

, we get a frequency shift of —320.9-85.9i rad/sec(shifted up by 91.9 rad/sec from mode #4). The localized mode pattern is shown in Fig.10.Fig. 9:Localized mode bunch pattern for

Δωoct = − 103 rad / sec

and M=9Fig. 10:Localized mode bunch pattern for

Δωoct = − 103 rad / sec

and M=9

12 August 18, 1998 Localized multibunch modes9. ConclusionLocalized modes may be possible in the coherent motion of arrays of bunches inCESR, in the presence of nonlinearities generated by octupoles. With a bunch-to-bunchcoupling produced by the resistive wall impedance, with vertical oscillation amplitudes ofabout 2 mm (at a by ofabout20m)andforoctupolestrengthscorrespondingtoabout1000computerunitsinboththe45Wand45Eoctupoles,thesemodesappearforboth21and9equallyspaced,equallypopulatedbunches.10. References1. A. Sievers, private communication.2. J.T. Rogers has done computer simulations which show that localized modescan be produced in accelerators.3. S. Takeno, "Vibron Solitons and Soliton-Induced Infrared Spectra of CrystallineAcetanilide", Prog. of Theor. Phys., Vol 75, 1(1986)4. A. J. Sievers, S. Takeno, "Intrinsic Localized Modes in Anharmonic Crystals",Phys Rev. Lett. 61,8 (1988)5. S. Takeno, K. Kisoda, A. Sievers, "Intrinsic Localized Vibrational Modes inAnharmonic Crystals", Prog. of Theor. Phys. Supplement, 94 (1988)6. J. B. Page, "Asymptotic solutions for localized vibrational modes in stronglyanharmonic periodic systems", Phys. Rev. B, 41, 11 (1990)7. S. R. Bickham, S. A. Kislev, A. J. Sievers, "Intrinsic Localized Modes inAnharmonic Lattices", in Spectroscopy and Dynamics of Collective Excitations in Solids,B. DiBartolo (ed.),(1996)8. A. Chao, "Physics of Collective Beam Instabilities in High EnergyAccelerators", Wiley (1993), p. 2059. Ibid., p 7110. Ibid., p. 345