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1. Introduction

Constant perimeter surfaces are generally thought to be desirable for the winding
surfaces for saddle coils for superconducting dipoles or quadrupoles. Winding multiple
layers on such surfacesis facilitated, since the winding of each layer can proceed in either
direction without any tendency of the turnsto dip to a"shorter” path due to the winding
tension.

A surfaceis said to be "ruled" if it is generated by moving a straight line
continuoudly in space. A "developable’ ruled surface is a surface that can berolled on a
plane, touching along the entire surface asit rolls. Such a surface has a constant tangent
plane for the whole length of each ruling. Parallel geodesic loops (in adirection
perpendicular to the rulings) on closed devel opable ruled surfaces all have the same length;
such surfaces are thus "constant perimeter” surfaces.

Winding of tape conductors on such developable constant perimeter surfaces should
provide for minimum strain to the tape. The tangent plane of the developable surfaceis
fixed, so the normal to this, the direction of curvature of the surface, is constant over the
whole width of the tape. Consequently, all the bending involved isin the "easy" direction
(i.e., normal to the surface of the tape). The developable surface (the tape) can be unrolled
to aflat surface without twisting or distortion.

2. Congtruction of a devel opable constant perimeter surface

A developable constant perimeter surface may be constructed for any given space
curve 1 by following the prescription outlined in reference 1. The basic ideaisthe
following. We define a space curve 1 () from which we will develop the constant
perimeter surface. In the case of atape conductor winding, this curve would correspond to
the path followed by one edge of the tape. At each point along the space curve, we define a
tgl plet of orthogonal unit vectors (tangent, normal, and binormal), using the following
relations:
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As shown in reference 1, the equation of aruled, devel opable constant perimeter surface,
generated from the space curve 1(f), is

Q) =T (B) +vP(B) 5

inwhich
p= b+ «kt (6)
and K isthe ratio of the space curvetorsion T to its curvature k:

K= b'=-1n

T,
k )
(7)
Thetorsion 1 is obtained from last equation.
For the application to a quadrupol e saddle coil, we define the reference space curve
r'(B) for one edge of the tape, which establishes the geometry of the coil end.
V4

i

Space curve

Fig. 1
[llustrating the space curve corresponding to one edge of the tape
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The space curveistaken to be an ellipse, with major and minor axes aand b, on the surface
of acylinder of radius R. The cylinder axisis parallel to the z-axis, and its center islocated

at the head of the vector A inthe x-y plane. Thisisillustrated in Fig. 1. Fig. 2 shows the
space curve on the cylinder's surface.
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Fig. 2

The space curve on the cylindrical surface

The coordinates of the space curve on the cylinder are given in terms of the parametric
angle 3 by

s=bcosp
z=asng ®)

inwhich sisthearc length on the cylinder.
Fig. 3 shows the projection of the space curve onto the x-y plane. The strategy in
specifying the space curve is the following. For a space curve defined as an ellipse on a

fixed radius (R) cylinder, centered on the origin, we would have A =0 and D=R in Fig. 3.

In order to accommodate coil blocks in which the winding surface in the straight part of the
coil is paralle to the x-axis, rather than radia (asin a"keystoned" coil), we allow the center
of the cylinder to move as the space curve transits around the ellipse; that is, we alow the

vector A to beafunction of B. The vector A(B) is parameterized as

A(B) = Aﬁsinzﬁ+ i cos2 B0
2 20
(9)
To insure quadrupole symmetry, the radius vector of the reference cylinder must always

point from the head of A tothe point %, which lies on the intersection of the cylinder with
the 450 line. Hence we have the constraint

D=R+A4(p)
(10)
where
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B =d(B)i +i)
(12)

isavector whose direction lies along the 450 line. The quantity d(B) is given by solving
Egs. (9), (10), and (11) simultaneously; the result is

dg) =2 Cgsﬁ + %MRZ — £%(1+ cod28]) 2

In Fig.3, the vector p isthe projection of ' onto the x-y plane. From the geometry
of Fig. 3, we have

f):\7+5 (13)

inwhich v isavector of length R.

y A

Line along|which A travels

-
O X
Fig. 3
Projection of the space curve onto the x-y plane, and associated defining geometry

Therelation between R, ¥, and theangle q):% isillustrated in Fig. 4
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Fig. 4

Relation between vV and R
From Fig. 4, we have

V = Reosg— (kx Rysing (14)
So, Eq. (13) becomes

. = S ~ = . S -
= Rcos——-(kx R)sn—+ A
P B ( ) =

(15
Thevector R isgivenin Eq. (10). Substituting into Eq. (15) gives
~ S (bcosBO (¢ (= 7 . [bcospO, -
p(B) =|D - A(B)|cos ~(kx{D-A(B))/sin +A(B)
( )ERE(( ))ERE (16)

Egs. (9), (11), (12) and (16) give the complete specification of the space curve in terms of
the ellipse parameters aand b, the cylinder radius R, and the offset A.
Thevauesfor g, b, R and A are determined by the geometry of the cail's straight

section. Fig. 5 shows the x-y plane projection at =0, the point where the end meets the
straight section. The rectangular block, a distance xg from the origin, and of height yo,
represents the cross section of the tape conductor coil block in the coil's straight section.
ThetapewidthisT.
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Projection on the x-y plane and 3=0;
geometry to define R, A, and b.

As discussed above, the instantaneous direction of the devel opable constant
perimeter surfaceis given by the vector p defined in Eq. (6). We require that, at the points

at which the space curve describing the end of the coil meets the straight section (at =0,

and at 3=m), the direction of the winding surface must be the same asthat in the straight
section (i.e., it must only have a component in the x-direction, as shown in Fig. 5). Since

the tangent vector T points along the z-axis at this point, we require that k(0)=0, and that b
must only have an x-component at 3=0.
When z(B) hasthe form givenin Eq. (8), the requirement that k(0)=0 is satisfied if
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do(B)
dg

0 ang SPB)

=0
3
p=0 dB

p=0 17)
This condition is satisfied for al even functions of 3 with continuous derivatives. Since
P(B) asgivenin Eqg. (16) is such afunction, this requirement is satisfied by construction.

The requirement that b have only an x-component provides the following
constraint:

(42R+ 0] 42 - 2R?]) cos gy, +(2%R - A% + 20R?)singy, +

AV2R? - A?(R+[b- R]cosg, +[b+R]sing,) =0 (18)
inwhich
28 -2
R (19)
From the geometry of Fig. 5, we have the additional relations:
2 _ 2 _ a2 a1 % U
D? =2d(0)* = A’ + R? +2ARcosD2 % -cos” o
= I + R +24x,sing, + 2A(y, — A)cosg, (20)
in which, from Eq. (5),
N _ A2
do)=2+ V2RE - A
2 2 (21)
and
R = x5 + (Y, — A) (22)

Solving (18), (20) and (22) simultaneously givesb, R and A. We are still free to choose g,
the elipticity of the ellipse describing the end curve, to fix a=¢b.

3. Application to the end design of atape-wound quadrupole saddle coil

The parameters for the devel opable constant perimeter surface for such acoil are
givenin Table 1.

Coll parameter Value

X0 35mm

Yo 15 mm

T 3mm

e 15

A 8.14 mm
R 35.67 mm
b 15.33 mm
o 0.4298 rad
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Table 1: Parameters for the constant perimeter surface of atape-wound quadrupole saddle
coil
Fig. 6 shows the projection of the space curve, from which the winding surfaceis
developed, in the x-y plane (the upper curve). The space curve projection isindicated. The
rectangular blocks represent the tape coil blocks in the straight section of the coil, the curve
above the space curveisthe projection of the upper edge of the tape as it goes around the
coil end. The quarter-circleisa 35 mm radius arc.
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Fig. 6

Projection of the space curve and elements of the tape onto the x-y plane.

Fig. 7 shows the space curve in three dimensions, with the triplet of orthogonal unit
vectors shown at 3=0, 172, and 1.
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Fig. 7
The space curve in three dimensions, with the triplet of orthogonal unit vectors shown at

B=0, 172, and L.
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Fig. 8
Constant perimeter tape winding surface (thin strip) and the tape edge guiding surface

Fig. 8 shows the constant perimeter surface (the thin strip), aswell as a surface
generated from the space curves by allowing the angle a in Fig. 5 to vary from O to
tan"t 0 This surface represents the winding surface which guides the edges of the tape

Xo
elements comprising the coil block.
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Fig. 9
End surface of the coil winding form

Fig. 9 shows the complete end surface for the coil winding form. The bottom
surface is extended in z using a cylinder of 35 mm radius, centered on the origin. The top
surface isformed by extruding the upper edge of the constant perimeter surfacein z. This
surface isjoined to a straight section. The surface shown in Fig. 9 isduplicated at the other
end of the straight section, and the whole forms the compl ete coil winding form for one
saddle cail of the quadrupole.
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