1 May 23,1996 8:16 PMThree-dimensional magnetic field of a superconducting quadrupole with rectangularcoil blocks and constant-perimeter end windingsG. DuganCornell UniversityIn this note, I describe the use of the field calculation techniques outlined in CBN 96-5 to calculate the magnetic field of a quadrupole coilwound with a "constant perimeter" constraint in the ends. The coil is composed of three coil blocks, which have a rectangular two-dimensionalcross section, as opposed to the cylindrical-sector shape associated with Rutherford cable. This note describes the details of the geometry needed toapply the CBN 96-5 model to this case, and gives some results for a constant-perimeter coil very similar to that currently proposed for the CESRQ1/Q2 quadrupole.1. Rectangular Coil-block geometryFigure 1 defines some quantities to be used to describe the rectangular coil cross section. The coil block is taken to be made from N flatcables, each of thickness d and width T. A given flat cable is located by specifying its azimuthal angle a, inner radius R, and inclination angle b(a)with respect to the x-axis. The cylindrical coordinates of an element of the cable at distance t along the width (0<t<T) are

ρ(α,t)2 = R2 + t2 +2RtCos[α − β(α )] Tan[ϕ(α,t)]= RSin[α ]+ tSin[β(α )]

RCos[α ]+ tCos[β(α )]

Rtfab(a)xyrFig. 1: Flat cable geometryA complete cable block, made from N flat cables of width d each, has a width w=Nd. Fig. 2 shows a complete rectangular cable block, extendingfrom a0 to a1,withfixedinnerradiusR1.Generallythewholecableblockhasthesameinclinationangleb andinnerradiusR1;forgenerality,however, I allow for b to vary with a. This allows the "rectangular" block to be wedge-shaped. If b varies with a, then of course the cable blockwidth w must also vary with t. In what follows below, we shall concentrate on the rectangular block case, where w and b are fixed for a given coilblock.

R1a0a1b0wBlock

Txy1234b1Fig 2. Cable block geometry

2 May 23,1996 8:16 PMThe start of the block is defined by R1, a0;Theazimuthalangleoftheendoftheblockis

α 1 = β1 +Sin^{− 1} Sin[α 0 − β1]+ wCos[β1 − β0 ]R_1

.The block extends at a0 from point 1 to point 3, along the line shown; this is the distance T. At a1, the block extends from point 2 to point 4, alsoadistanceT.Thepoints(1,2,3,4)infig.2whichdefinethecableblockhavecylindricalcoordinates:{ r1 ,f1 } = {R1 ,a0 } ; { r2 ,f2 } = {R1 ,a1 } ;

ρ 3,ϕ 3 { } ={R12 + T2 +2R1TCos[α 0 − β(α )],Tan− 1[ R1Sin[α 0 ]+ TSin[β(α 0 )] R1Cos[α 0 ]+ TCos[β(α 0 )]]} ρ 4,ϕ 4 { } ={R1^2 + T^2 +2R1TCos[α 1 − β(α 1)],Tan^{− 1}[ R1Sin[α 1]+ TSin[β(α 1)] R1Cos[α 1]+ TCos[β(α 1)]]}

As the variable t ranges from 0 to T, and a ranges from a0 to a1,wespanthewholecoilblock,andcancalculatethecylindricalcoordinatesr,f ateach point from the above equations. Note that r3 andr4 areslightlydifferent(typicallybylessthan1%)2. Constant perimeter end constraintsEach flat cable must make a transition around the coil end in such a way as to keep the perimeter of the edges of the cable the same for all tfrom t=0 to t=T.

s_2^{yxzz1z2s}

1l1l2

Fig. 3 Constant perimeter flat cable: l1=l2.Figure3showsaflatcableasitturnsaroundtheendofthemagnet.Theconstantperimeterrequirementisthatthelengthsl1andl2beequal.

zsD(a)

s2 = s(α,T)

s1=s(a,t)

l1l2z2z1z1=f1s1+D(a)z2=f2s2,tFig 4. Coil layout at fixed a

3 May 23,1996 8:16 PMIn fig 4., the edges of the flat cable are shown in s=rq vs. z space. (q=p/4-f). The flat coil is located at azimuth a, with inclination b(a). Theedge with perimeter l1 startsatt;theedgewithperimeterl2startsatT.Thearc-lengthdistancess1 ands2are

s1 = s(α,t) = ρ(α,t) π4 − ϕ(α,t)

= R12 + t2 +2R1tCos[α − β(α )] π4 − Tan− 1 R1Sin[α ]+ tSin[β(α )] R1Cos[α ]+ tCos[β(α )] s2 = s(α,T) = ρ(α,T) π4 − ϕ(α,T)

= R12 + T2 +2R1TCos[α − β(α )] π4 − Tan− 1 R1Sin[α ]+ TSin[β(α )] R1Cos[α ]+ TCos[β(α )]

On the surface of a cylinder, each end of the flat coil follows an ellipse as shown in fig. 4. The end at t=T starts at s2andintersectsthez-axisatz2=f2s2. The end at t starts at s1, follows a straight line (on the cylindrical surface) a distance D(a,t), and then follows an ellipse, intersecting the z-axis at z1=f1 s1+D(a,t). The distance D(a,t) and the eccentricities of the ellipses f1,f2 are adjusted so as to make the perimeters (path lengths infig.4) l1 andl2 equal. Ingeneral,thecurvescanbeparameterizedusingtheanglezshowninthefigureas

s1(ζ1) = s1Cos[ζ1] z1(ζ1) = f1s1Sin[ζ1]+ Δ(α,t) s2 (ζ2 ) = s2Cos[ζ2 ] z2 (ζ2 ) = f 2s2Sin[ζ2 ]

The differential path length is

dl2 = ds2 +dz2

and

ds = − sSin[ζ]dζ

dz = fsCos[ζ]dζ

which makes the differential along the elliptical path

dl = s Sin2[ζ]+ f 2Cos2[ζ]

The total path lengths shown in fig.4 are then

l1 = dl1∫ = Δ(α,t)+s1 Sin2[ζ]+ f12Cos2[ζ] 0π2∫ dζ l2 = dl2∫ = s2 Sin2[ζ]+ f 2Cos2[ζ] 0π2∫ dζ

In terms of the complete elliptic integral

E(m) = 1− mSin2[ϕ ] 0π2∫ dϕ g(m) = mE(m)

we obtain

l1 = Δ(α,t)+s1g(f1)

l2 = s2g(f 2 )

For a constant perimeter, we must have l1=l2:

Δ(α,t)+s1g(f1) = s2g(f 2 )

which specifies a relation between f1, f2, and D(a,t). We consider only cases in which f1=f2=f is independent of t; then

Δ(α,t) = (s2 − s1)g(f) = (s(α,T)− s(α,t))g(f)

With this form for D(a,t), we will have a constant perimeter for the flat coil. In general, the ellipticity parameter f will be a function of a. The formof f(a) is fixed if we assume a "constant width" coil.

yxz3z^4s3s4Fig 5. Coil block edge at t=TFig. 5 shows the layout of a piece of the t=T edge of the coil block as it goes around the magnet end; the piece varies in a_{from}a_{1 to a.} zs

z 3 = f(α 1 )s 3 z 4 = f(α )s 4 s 3 = s(α 1 ,T) s 4 = s(α,T)

Fig. 6: Coil end layout at fixed t=T Fig 6. shows the same layout, in the s-z surface. We have

s3 = s(α 1,T) s4 = s(α,T)

The z-distances are

z3 = f(α 1)s3 z4 = f(α )s4

The coil block width is s4-s3. Ifthiswidthisheldconstantasthecoilblockedgegoesaroundtheendofthemagnet,thenwemusthave

z4 − z3 = f(α )s4 − f(α 1)s3 = s4 − s3

f(α ) =1+ s3(f(α 1)− 1)s_4 =1+ s(α 1,T)(f − 1)s(α,T)

in which we have set f(a1)=f.Thequantityfistheratioofthehalf-axisofthe"upperellipse"ata1 tothearclengths3:

f = Half − axis of upper ellipse of cable block Arc length from 45^o to cable block = z^3s3

The constant-perimeter requirement then becomes

Δ(α,t) = (s(α,T)− s(α,t))g(1+ s(α 1,T)(f − 1)s(α,T) )

A cross-sectional cut of the coil block in a plane formed by the z-axis and a line at 45ointhex-yplaneisshowninfigure7:

zr^{z1}z2z3z4wqr4r2

θ1

θ2ρ 3ρ^1Fig. 7: Inclination angles q_{1,q2In general, the z-coordinate of an element of the block at (}a_{,t)isgivenby}

z(α,t) = Δ(α,t)+ f(α )s(α,t)

In fig. 7, the edges of the coil block are given by

z1 = z(α 0,0) = Δ(α 0,0)+ f(α 0 )s(α 0,0) z2 = z(α 1,0) = Δ(α 1,0)+ f(α 1)s(α 1,0) z3 = z(α 0,T) = Δ(α 0,T)+ f(α 0 )s(α 0,T) = f(α 0 )s(α 0,T) z4 = z(α 1,T) = Δ(α 1,T)+ f(α 1)s(α 1,T) = f(α 1)s(α 1,T)

The inclination angle of the coil block in this plane is given by

Tan[θ_1]= ρ^4 − ρ^2

z_4 − z_2 = ρ_4 − ρ_2

f(α_1)s(α_1,T)− Δ(α_1,0)− f(α_1)s(α_1,0) = ρ_4 − ρ_2

f s(α_1,T)− s(α_1,0) ( )− Δ(α 1,0)

Since

Δ(α_1,0) = (s(α_1,T)− s(α_1,0))g(f)

we have

Tan[θ1]= ρ 4 − ρ 2 f − g(f) ( ) s(α 1,T)− s(α 1,0) ( )

and

Tan[θ_2 ]= ρ^3 − ρ^1z_3 − z_1 = ρ^3 − ρ^1

f(α_0 )s(α_0,T)− Δ(α_0,0)− f(α_0 )s(α_0,0) = ρ_3 − ρ_1

f(α_0 ) s(α_0,T)− s(α_0,0) ( )− Δ(α_0,0)

6 May 23,1996 8:16 PM3. Implementation in the model described in CBN 96-5

R1bBlockxytif1if2i

ρ 1i

r2iα 0α 1Fig 8: Division of coil block into segmentsThe model described in CBN 96-5 can calculate the field from coil blocks which are "wedge-shaped" in azimuthal cross-section, andextend in azimuth from f1 to f2,andinradiusfromR1 toR2.EachsuchcoilblockhasastraightsectionoflengthL,withendscomposedofstraightextensionsoflengthDL, and a "constant-width" coil end geometry with ellipse parameter f (for the inner edge of the ellipse). In order tomodel the rectangular, constant perimeter coil block described above, we divide the rectangular block into M segments in t, of width dt=T/M,where ti = (i-0.5)*T/M is the center of the segment, and i runs from 1 to M. The radial extent of each segment is from r1i to r2i,where

ρ 1i = R12 +(ti − δt2 )2 +2R1(ti − δt2 )Cos[α 0 − β[α 0 ]] ρ 2i = R12 +(ti + δt2 )2 +2R1(ti + δt2 )Cos[α 0 − β[α 0 ]]

The azimuthal extent of each segment is taken as running from f1i tof21,where

ϕ 1i = Tan− 1 R1Sin[α 0 ]+ tiSin[β[α 0 ]] R1Cos[α 0 ]+ tiCos[β[α 0 ]] ϕ 2i = Tan− 1 R1Sin[α 1]+ tiSin[β[α 1]] R1Cos[α 1]+ tiCos[β[α 1]]

We will use the model of CBN 96-5 for each of these segments, and then superimpose the results. To describe the constant-perimeter ends,we use the ellipse parameter f; the constant-perimeter requirement is imposed by giving each segment a length extension

ΔLi = Δ(α 1,ti )+ Δ(α 0,ti ) 2 +z0

in which z0 is the overall shift of the whole coil block, if any. Because D(a,t) is only weakly dependent on a, the average indicated aboveintroduces little error.Magnetic field and harmonics:Let n be the index of the coil block (n runs from 1 to N), and let i be the index of the segment of the nth block (i runs from 1 to M(n)). Theazimuthal extent of this segment is from f1i(n)tof2i(n);theradialextentisfromr1i(n)tor2i(n).Themagneticfieldduetothissegmentis

ΔrBi(n) = μ04π ΔNI( )i(n) ρ 2i(n)− ρ 1i(n) r̃I[ρ,ϕ,z + ΔLi(n)]ϕ 1i (n),ϕ 2i (n),f(n),L(n) ϕ s,i(n)

The field in harmonic form is given by

ΔrB_i(r;k)(n) = 4μ^0π ΔNI( )^i(n)

ρ_{0i}^2 (n)ϕ_{s,i}(n)ρ^0 rV_k (ϕ ) ρ

ρ_0

2k− 1+2r

σ_i(n)•rδ(r,k,χ + ΔL^i(n)ρ_{0i}(n) )_{ϕ 1i (n),ϕ 2i (n),f(n),s(n)}

in which

ΔNI ( )i(n) = NI(n)M(n)

is the ratio of the number of amp-turns in block n to the number of segments, M(n), and

σ_i(n) = Sin[ϕ_{s,i}(n)]Cos[2ϕ_{1i}(n)+ϕ_{s,i}(n)]

We are assuming that the current is constant in each coil block. The total field for N coil blocks is then

rB_{tot} = μ04π NI(n)M(n)

n=1N∑ r̃I[ρ,ϕ,z + ΔLi(n)]ϕ^{1i} (n),ϕ^{2i} (n),f(n),L(n)

ρ 2i(n)− ρ 1i(n) ( )ϕ s,i(n) i=1 M(n)∑

and in harmonic expansion form,

rB_{tot} = 4μ_0π ρ_0 NI(n)M(n) n=1 N∑^σ i^{(n)}ρ_{0i}2 (n)ϕ_{s,i}(n) i=1 M(n)∑ rV

k (ϕ ) ρρ_0 ^{2k− 1+r} •rδ(r,k,χ + ΔLi(n)ρ_{0i}(n) )ϕ 1i (n),ϕ 2i (n),f(n),s(n)

k,r∑

In terms of the gradient G, we have

rB_{tot} = Gρ_0 1Q NI(n)M(n) n=1 N∑^σ i^{(n)}ρ_{0i}2 (n)ϕ_{s,i}(n) i=1 M(n)∑ rV

k (ϕ ) ρρ_0 ^{2k− 1+r} •rδ(r,k,χ + ΔLi(n)ρ_{0i}(n) )ϕ 1i (n),ϕ 2i (n),f(n),s(n)

k,r∑

where the gradient is given by

G = 4μ0π Q = 4μ0π NI(n)M(n)

n=1N∑ σ i(n)

ρ 0i2 (n)ϕ s,i(n) i=1 M(n)∑

The integrated field in harmonic form is

rB_{tot}∫ dz = Gρ_0 1Q NI(n)M(n) n=1 N∑^σ i^{(n)}ρ_{0i}(n)ϕ_{s,i}(n) i=1 M(n)∑ rVk (ϕ ) ρρ

0 ^{2k− 1+r} • rδ(r,k)_{ϕ 1i (n),ϕ 2i (n),f(n),s(n)}

k,r∑

The integrated harmonics are

Leff b2k = 1Q NI(n)M(n) n=1 N∑^σ i^{(n)}ρ_{0i}(n)ϕ_{s,i}(n) i=1 M(n)∑ 2δ

ρtot,end(0,k)+ δρtot,body(0,k)

[ ]ϕ_{1i} (n),ϕ_{2i} (n),f(n),s(n)

b2k = 1QL_{eff} NI(n)M(n) n=1 N∑^{σ i(n)}_{ρ 0i(n)ϕ s,i(n)}^{ρ 0}_{ρ 0i(n)}^{2k− 2} i=1 M(n)∑ s

i (n) Sin[2kϕ^{2i}(n)]− Sin[2kϕ^{1i}(n)] 2k +2(− 1)^{k− 12} I^i(n;k)

in which

Ii (n;k) = dδ_0^{ϕ s,i (n)}∫ (f(n)θ1i(n)+δ) dα_0^{π2}∫ Sin[2khi(n;α,δ)]Sin[α ]

The effective length is

Leff = 1Q NI(n)M(n) n=1 N∑^{σ i(n)}ρ_{0i}(n)ϕ_{s,i}(n) i=1 M(n)∑ s

i (n) Sin[2ϕ^{2i}(n)]− Sin[2ϕ^{1i}(n)] 2 +2I^i(n;1)

4. Results for a Q1/Q2 candidate designA three-block coil design is being considered for the CESR Q1/Q2 superconducting IR quadrupole being produced by TESLA Engineeringfor Cornell. The basic geometrical parameters of the design are given in table 1. The common body length is 440 mm; the coil develops a fieldgradient of 47.96 T/m, with 445.9 kAmp turns. The nominal TESLA design contains 364 turns, and so requires 1225 A to get this field gradient.The effective length is 649.4 mm.

8 May 23,1996 8:16 PMCoil block #123

R1 (mm)9 2 . 0 5 9 2 . 0 5 9 2 . 0 5T(mm)3 8 . 6 8 3 8 . 6 8 3 8 . 6 8w(mm)2 2 . 1 1 4 . 7 11NI(kAmp)2 0 5 . 8 1 3 7 . 2 1 0 2 . 9a0(rad)0 . 0 0 0 5 . 2 6 2 . 4 6 1b(rad)0 . 0 . 2 2 8 1 . 5 1 7 0a1(rad). 2 4 2 . 4 2 2 . 5 8 1r1 (mm)9 2 . 0 5 9 2 . 0 5 9 2 . 0 5r2 (mm)9 2 . 0 5 9 2 . 0 5 9 2 . 0 5r3 (mm)1 3 0 . 7 3 1 3 0 . 7 1 5 1 3 0 . 6 8 7r4 (mm)1 2 9 . 9 3 4 1 3 0 . 2 1 6 1 3 0 . 6 7 5f1(rad)0 . 0 . 2 6 2 . 4 6 1f2(rad). 2 4 2 . 4 2 2 . 5 8 1f3(rad)0 . 0 . 2 5 2 . 4 7 8f4(rad). 1 7 1 . 3 6 5 . 5 6 2f1 . 1 8 6 1 . 1 8 4 1 . 2 6 3z0 (mm)2 9 . 2 4 9 . 8 7 4 . 3 3Overalllength(mm)7676435 5 5 . 6Table1:GeometricalparametersTable2givestheintegratedharmoniccontent.Theharmonicsareallwellwithinthespecifiedtolerances.Harmonic number (k)1357b2k100002.0-.2230.137^{b̂2k}387.0003-.001.001Table 2: Harmonic content of the field (in units; 1 unit=10-4)Finally,welistintable3thepeakfieldsinthebodyandendsforeachcoilblock.Comparingthesenumberswiththe2-coildesigndescribed in CBN 96-5, we see that the peak fields in the ends have been reduced by 0.3 T, and the peak body fields are down by close to 0.5 T.Thisisdueinparttotheuseofthreecoils,ratherthantwoasintheCBN96-5design,andalsotothefactthatasmallerinnercoilradiushasbeenu s e d . Coil block #123

End peak field (T)3.114.195.41r (mm)1 0 8 . 1 1 0 8 . 3 1 0 8 . 2f(rad). 7 6 7 . 7 7 1 . 7 6 8

z(mm)-132- 8 0 . 4 - 4 3 . 6

Bodypeakfield(T)4 . 4 5 3 . 8 5 5 . 0 4r (mm)9 2 . 1 1 0 4 . 1 1 0 4 . 8f(rad). 3 7 3 . 3 9 7 . 5 7 4 z(mm)267245232Table 3: Peak fields in the coils

9 May 23,1996 8:16 PMTable 4Model design parametersDescriptorISRquadsLEPquadsFNALquadsRHICquadsLEP200quadsCESRQ1/Q2

Turns/pole29018427527200364

Wire area(mm2 )6.46.44.211.95.86.3 a1 (mm)1159075658092 a2(mm)14311210074104131

Re(mm)200-----15390-----------

I (amp)16001600905500019001225 g(T/m)4338.248506048

J(amp/mm2)250250215420327195

B-peak(T)5.94.24.13.955.75.8

B-iron (T)2.56----1.452.4--------- length(m).722.81.442.6

L(H).27.26.88.006.3.30

W-stored(kJ)34533036073535227

For a more complete comparison of this design with other magnets, we present in tables 4 through 9 various magnet parameters for thisdesign and those of similar magnets, calculated as outlined in CBN 95-12. The peak field for this design (called "CESR Q1/Q2") includes the endfield enhancement, the effect of skew quadrupole winding (as in CBN 95-13), and the effect of the CLEO solenoid field (in the body only). Evenincluding all these effects, the design has margin in excess of 40%, because of the generous use of high-quality superconductor.Table 5Critical Temperatures, Fields and Current DensitiesQuadrupoleT0oKB0TJc0A/mm2TboKBop=BpeakTTc(Bop)oKBc(Tb)TJc(Bop,Tb)A/mm2

ISR quads4.2513004.35.96.710.51038

LEP quads4.2513004.34.27.510.51452

CESRQ1/Q24.5526604.65.86.810.042146

FNALquads4.2513004.64.27.5101328

RHICquads4.25.623004.63.97.6102783

LEP 200Quads4.3514004.35.76.810.51230

10 May 23,1996 8:16 PMTable 6Current and temperature marginsQuadrupoleTbathoKBpeakTIopAIc(Bop,Tb)A/mm2IquenchAmargin%DToK

ISR quads4.35.9160024601887180.8

LEP quads4.34.116003442236547.81.7

CESRQ1/Q24.65.812252709172240.51.5

FNALquads4.64.190519921327461.6

RHICquads4.63.9500011831769053.81.7

LEP 200quads4.35.7190026412182150.7

Table 7Cryostability parametersQuadrupoleJop(A/mm 2 )P ( m m ) G c ( m w a t t / m m 3 )almin ( m m )

I S R q u a d s 67510.8307.229

LEP quads67510.8305.433

CESR Q1/Q26829.97164.5538

FNAL quads6037224.537

RHIC quads117673.5824.419

LEP 200quads8848.9511323

Table 8Quench parametersQuadrupolevz ( m / s e c )

′tQ

(sec)Tmax ( o K ) V max ( V )

I S R q u a d s 8.5.75492700

LEP quads7.4.62339803

CESR Q1/Q27.0.961303477

FNAL quads6.8.722551328

RHIC quads13.23381152

LEP 200quads11.424501650

Table 9Electromagnetic ForcesQuadrupoleAzimuthalforce/length(N/mm)r=a1, f = f1.Radialforce/length(N/mm) r=a1,f = 0Azimuthalpressure(N/mm2 ) r = a 1 , f = f 1 . Radialpressure(N/mm2 )r = a 1, f = 0

ISR quads8.57.23.53.0

LEP quads6.04.82.52.0

CESR Q1/Q25.24.92.11.96

FNAL quads3.32.91.41.2

LEP 200quads9.77.93.73.0

11 May 23,1996 8:16 PMROXEIThis PaperDiff:(ThisPaper-ROXEI)

xyzBxB yB zB xB yB zD B xD B yD B z

92.98.453.84-.51-4.210.-.50-4.190..01.020

92.88.6-68.1-.50-3.49.23-.64-3.57.20-.14-.08-.03

69.563.5-154.11-.071.85.12-.051.74.01.02-.11

85.937.3-15.-2.31-3.89.17-2.27-3.88.16.04.01-.01

81.945.1-72.5-2.29-3.201.32-2.3-3.101.27-.01.1-.05

84.650.-28.6-3.89-3.62.37-3.97-3.68.40-.08-.06.03

78.164.7-43.5-3.75-3.66.73-3.67-3.58.73.08-.080

5. Direct comparison with ROXEI programFinally, for the Q1/Q2 design described above, we present in table 10 a direct comparison between the fields calculated by the techniquesdescribed here and in CBN 96-5, and the fields calculated by the program ROXEI, which is being used by TESLA to design the quadrupoles. Thefield points chosen are all inside the coil. ROXEI does a direct Biot-Savart integration over the exact geometry of the wire array, but omits the fieldcontribution from the strand which passes through the field point, so we might expect some small difference due to this. Other differences may bedue to approximations used in the model geometry. In general, the results are seen to agree to typically better than 0.1 T.Table10:Comparison of ROXEI fields and fields calculated by the technique described in this paper