
A Time Domai n me tho d fo r t h e Ca lcul a t i o n o f Lo ss Fa c t o r s a n d

Wa ke Po t e n t i a l s

Cheng-Yang Tan

Wilson Synchrotr on Labor at or y

ABSTRACT: We present a met hod for calcul at ing t he l os s f act or s of a cavi t y us i ng a t i me do-

mai nmet hod. We compar e t he r es ul t s t hus obt ai ned wi t h t hat of t he mor e t r adi t i onal f r equency do-

mai n met hod and s howt hat t hey yi e l d al mos t i dent i cal r e s ul t s . Res ul t s obt ai ned f r omt hi s met hod

ar e us ed t o pr edi c t t he wake pot ent i al s pr oduced f or di �er ent l engt h bunches . The pr edi c t i ons agr ee

i n t he l ong r ange wi t h cal cul at i ons obt ai ned f r omf r omt he f r equency domai n. Thi s met hod becomes

t he bas i s f or an ext r emel y f as t al gor i t hmf or cal cul at i ng t he l ong r ange wake pot ent i al s of di �er ent

bunch l engt hs f or l ong t i me s cal e s (but s hor t compar ed t o t he dampi ng t i me of t he par t i cul ar mode)

t hat woul d ot herwi s e i ncur l ar ge comput at i onal over heads . In any par t i cul ar appl i cat i on, onl y a

s i ngl e MAFI AT2 r un wi l l be neces s ar y.



I NTRODUCTION

We pr es ent i n t hi s paper a met hod f or cal cul at i ng t he l os s f act or s1 of a cavi t y us i ng a t i me domai n

met hod. We wi l l as s ume t hat t he bunch i s t r ave l l i ng at � = 1 t hr oughout t hi s paper . The met hod cons i s t s

of t he f ol l owi ng s t eps

( i) Cal cul at i on of t he wake pot ent i al exc i t ed i n a cavi t y due t o a r i ng of char ge wi t h azi mut hal moment

m. The r i ng beami s as s umed t o have a �- f unct i on char ge di s t r i but i on i n t he l ongi t udi nal di r ect i on

( ii) I dent i �cat i on of t he s t r onges t r e s onances of t he cavi t y by exami ni ng t he power s pect r umof t he

wake pot ent i al i n f r equency s pace . Thi s s pect r umi s deconvol ved t o appr oxi mat e t he s pect r umof

a cor r es pondi ng �- f unct i on l ongi t udi nal char ge di s t r i but i on.

( iii) Us i ng a l i near l eas t s quar es �t on t he wake pot ent i al us i ng onl y t he s t r ong r es onances . The coe�-

c i ent s f r omt he l eas t s quar es �t wi l l t hen gi ve us t he l os s f act or s k� ( wher e � i s t he mode i ndex) .

We wi l l appl y t hi s t o t he pr ebuncher cavi t y of Wi l s on Labor at or y. The r es ul t s ar e compar ed t o t he mor e

t r adi t i onal f r equency domai nmet hod. We wi l l s howt hat t hes e two met hods yi e l d al mos t i dent i cal r e s ul t s . By

us i ng onl y t he k�'s cal cul at ed f r omt he met hod above , we t hen made pr edi c t i ons about t he wake pot ent i al s

f or beams wi t h di �er ent l ongi t udi nal char ge di s t r i but i ons . We compar ed r es ul t s f r ompr edi c t i ons t o t ho

cal cul at ed by MAFI A. Thes e s howed exce l l ent agr eement between t he two met hods . The met hod us ed

f or t he pr edi c t i ons i ncur s negl i gi bl e comput at i on t i me as compar ed t o cal cul at i ons of t he wake pot ent i

us i ng MAFI A. I n pr act i ce , we need onl y r un T2 once , appl y t he al gor i t hmout l i ned above , and we can

pr edi c t t he l ong r ange , l ong t i me ( but s hor t compar ed t o t he dampi ng t i me of t he mode) wake pot ent i al s

f or any l ongi t udi nal char ge di s t r i but i on. Thus , t hi s met hod f orms a bas i s f or an ext r emel y f as t al gor i t

f or cal cul at i ng l ong r ange wake pot ent i al s f or l ong t i me s cal e s .

The wor k hor s es f or cal cul at i ng t he wake pot ent i al s and e i genmodes of t he pr ebuncher cavi t y ar e

MAFI A T2 and MAFI A E modul es . The wake �e l d f ormal i smi s t hor oughl y di s cus s ed i n an upcomi ng

paper and wi l l not be r epeat ed her e . Our not at i on f ol l ows t hat of Chao.1

The geomet r y of t he pr ebuncher cavi t y us ed i n al l t he MAFI Acal cul at i ons i s s hown i n Fi gur e 1.

MAFI AT2 Cal cul at i ons

MAFI A cal cul at es t he wake pot ent i al s � us i ng t he T2 modul e . Unf or t unat e l y, we can onl y us e r i ng

beams t hat ar e gaus s i an i n �, t he l ongi t udi nal di r ect i on. I n or der t o us e t he r es ul t s f r omMAFI A f or t h

1 Phys i c s of Col l ec t i ve BeamI ns t abi l i t i e s I n Hi gh Ener gy Acce l e r at or s , A. W. Chao, Wi l ey Ser i e s i n Beam
Phys i c s and Acce l e r at or Technol ogy.
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F i gu r e 1 The geomet r y of pr ebuncher us ed i n al l t he MAFI A cal cul at i ons .

t i me domai n cal cul at i on, we wi l l have t o deconvol ve out �f r omt he t he wake pot ent i al cal cul at ed by MAFI A.

The owchar t f or doi ng t hi s s hown i n Fi gur e 2. We s howt he t heor y be l ow.

The gaus s i an beami n MAFI Acan be wr i t t en as

D( �) =
1p
2��

exp

�
� ( �� ��)2

2�2

�
( 1)

s o t hat
R1
�1 d� D( �) =1. The Four i e r t r ans f ormy of ( 1) i s

~D( k) =e� ik��e��
2k2=2 (3)

Let � be the wake potential generated byMAFIA, therefore by superposition

�(�) =
1

�1

d� 0 D(� � �0)�(� 0) (4)

y Throughout this paper, we will de�ne the Fourier transformas

f(�) =
1

2�

1

�1

ei k� ~f (k) dk (2)
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W’

W’ for Gaussian Dist.

im. part

re. part

im. part

re. partre. part

im. part

caption)
(see

Fourier

Inverse

DivideFFT

normalize FFT

Gaussian function

MAFIA

Fi gur e 2 The above owchart shows the method for deconvolving out the �-

function response of the cavity. It is important that the �nal Fourier transformbe

done with the de�nition shown in this paper in order to get the correct normaliza-

tion.

Fourier transforming the above by using our de�nition shown in (2), we have

~�(k) = ~�(k)= ~D(k)
= ~�(k)e�

2k2=2ei k
��

(5)

Thus by inverse Fourier transforming (5), we can obtain�. We then use

�r =�eI mWm(�)mr
m�1 cos m�

�� =eI mWm(�)mr
m�1 sinm�

�s =�eI mW
0
m(�)r

m cos m�

9>>>=
>>>;

(6)

to extract W 0
m andW m.y

MAFIAT2 results for m=0 andm=1 excitations

The result of the wake potential � k due to anm=0 excitation calculated by MAFIAT2 is shown

in Figure 3. After deconvolving the result fromMAFIA, and doing the required renormalization, W 0
0(�) is

y The notation throughout this paper is fromChao.
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Fi gur e 3 The wake potential � k of the prebuncher calculated using MAFIAT2

for m=0is shownonthe left. The gaussianbunchusedto create the wake �eldhas

�� =1 cmandis centredat � =�5 cm. It has a total charge of 1C(Note: MAFIA
uses MKS units). The �gure on the right shows W 0

0(�) obtained fromthe graph

on the left by normalizing out the charge using (6) and converting it to gaussian

units.

showninFigure 7 for a point charge (i.e. a �-function) movingalong the axis of symmetry. As noted in the

captionof the �gure, W 0
0(�) satis�es the properties outlinedonpage 62 of Chao. Asimilar deconvolution is

also appliedto � k and� ? due to anm=1 excitation. Again it is clear fromFigure 6 that W 0
1 is cosine-l ike

andW 1 is sine-l ike.

MAFIAECalculations

MAFIAcalculates the modes of the cavity using the Emodule. We calculated the �rst 40 monopole

and dipole modes. Their values are shown graphically in Figure 8. The numerical values are shown in the

Appendix.
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Fi gur e 4 W00 as cal cul ated by the al gor i thmout l i ned i n the text . Not i ce that at

� =0, W0 > 0 as requi red by the propert i es of the wake f unct i on shown on page 61

of Chao. The i nser ted graph i s a zoomi n f or �40 < � < 0 cm. I t i s cl ear f romthe

zoomi n that W0
0 has a cos i ne- l i ke behavi our . The s l i ght rol l - o� at � =0 i s because

of the di scont i nui ty at � =0 whi ch i s di �cul t to model numer i cal l y. The jagged

edges that are seen at around �300 cmresul t f romnoi se i ntroduced i nto the data

f romthe deconvol ut i on.

CALCULATIONOFLOSS FACTORS

We shal l descr i be how the l os s f actors are cal cul ated us i ng the t i me domai n method as wel l as the

f requency domai n method. The resul t s f romthe t i me domai n method are used to compare wi th the f re-

quency domai n method. We wi l l s ee that both methods yi el d resul t s that agree very wel l .

Cal cul at i on of Loss Factors us i ng the Ti me Domai n method

To cal cul ate the l os s f actors , we wi l l �r s t i dent i f y al l the s i gni �cant resonances by Four i er t rans f ormi ng

the wake f unct i ons that were cal cul ated i n the previ ous sect i on. For compar i son purposes , we wi l l i dent i f y

these s t rong resonances wi th the correspondi ng resonances cal cul ated by MAFIAEbecause MAFIAE has

a better resol ut i on compared to the Four i er t rans f ormmethod. Us i ng l i near l east squares , we can �t the
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Fi gur e 5 The wake potent i al �k and �? of the prebuncher cal cul ated us i ng

MAFIAT2 f or m =1 are shown i n the �rs t col umn. The gauss i an bunch used to

create the wake �el d has �� =1 cmand i s centred at � =�5 cm. I t has a total

charge of 1 C (Note: MAFIA uses MKS uni t s ) . The col umn on the r i ght shows

W 0
1(� ) and W1(� ) obtai ned f romthe MAFIA data i n gauss i an uni t s . Not i ce the

di mens i ons on the ordi nates .
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Fi gur e 6 W01 andW1 as cal cul ated by the al gor i thmout l i ned i n the text . Not i ce

that at � =0, W01 > 0 as requi red by the propert i es of the wake f unct i on shown on

page 61. The i nser ted graphs are zoomi ns f or �40 < � < 0 cm. Agai n W0
1 has a

cos i ne- l i ke behavi our . W1 al so behaves l i ke a s i ne f unct i on as shown i n Chao.

wake potent i al wi th the s i gni �cant resonances , thus i dent i f yi ng al l the l os s f actors km�. We wi l l onl y be

i nteres ted i n resonances bel ow3 GHz because 3 GHz i s the l owest cuto� f requency of a 3 i nch di ameter pi pe.

The owchart f or thi s cal cul at i on i s shown i n Fi gure 9.

Fi gures 10 and 11 showthe Four i er t rans f orms of the wake f unct i ons . The st rongest resonances are then

used vi a the l i near l east squares method to �t the f ol l owi ng f unct i ons w0
m and wm de�ned to be

w0m(� ) =
significant

resonances: �

2km� cos
2� f�
c

� (7)

and

wm(� ) =
significant

resonances: �

2km�c

2� f�
s i n

2� f�
c

� (8)

to W0
0, W

0
1 and W1 shown i n Fi gures 3 and 5. The f actor of 2 i n the sums of (7) and (8) comes f romChao' s

de�ni t i on of power whi ch i s P =V2peak= 2R. The more usual de�ni t i on i s P =V2peak= R whi ch i s used i n

most Amer i can contexts . Tabl es 1, 2 showthe resonances chosen and the km� that were used to �t the data.
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Fi gur e 8 Thi s �gure shows the di s t r i but i on of the �rs t f or tymonopol e and di pol e

modes cal cul ated by MAFIAE. The actual numer i cal val ues of the modes are shown

i n the Appendi x A.

Fi gures 12, 13, and 14 showthe �ts . Note: only the s i gni �cant resonances i dent i �ed f romthe power spect rum

are used i n the summat i on.

For the case of m =1, we can obtai n k1� by �tt i ng W0
1(� ) and W1(� ) . klong1� i s the l os s f actor obtai ned

by �tt i ng W0
1(� ) whi l e ktrans1� i s the l os s f actor obtai ned by �tt i ng W1(� ) . Fi nal l y kave

1� i s the average of the

previ ous l y ment i oned l oss f actors .

Tabl e 1 . m =0 Los s Fa c t or s k0�

� Fr e que nc y (GHz) 2� k0� (cm�1 ) (R= Q)�!� (cm�1 )

1 0:220 0: 103 0. 106

2 0: 634 0: 036 0. 036

3 1: 229 0: 040 0. 043

4 1: 920 0: 151 0. 157
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Do linear least squares fit
Table 1. m=0 Loss Factors k
λ Frequency (GHz)    k(cm^-1)
1 0.220 0.103
2 0.634 0.036
3 1.229 0.040
4 1.920 0.151

Obtain Loss factors

Power spectrum of W’

eigenmodes cal. by E
and relate to

Eigenmodes calculated by E

resonances
Identify strong W’

FFT

Fi gur e 9 The owchart f or cal cul at i ng the l os s f actors km� i s shown.

Fi gur e 10 The Four i er t rans f orms of the wake f unct i on enabl es us to i dent i f y the

s i gni �cant resonances that are present i n the probl em. Al l s i gni �cant resonances of

W 0
0 occur bel ow3 GHz.
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Fi gur e 11 These �gures showthe Four i er t rans f ormof the wakef unct i on of W0
1

and W1. The s i gni �cant resonances occur bel ow 6 GHz. However , we are onl y

i nteres ted i n trapped resonances . Resonances hi gher than 3 GHz propagate out of

the prebuncher because 3 GHz i s the l owest cuto� f requency f or a 3 i nch di ameter

pi pe.

Tabl e 2 . m =1 Los s Fa c t or s k1�

� Fr e que nc y (2� kl ong1� ) � 10�2 (2� kt rans1� ) � 10�2 (2� kave1� ) � 10�2 (R= Q )�!� � 10�2

(GHz) (cm�3 ) (cm�3 ) (cm�3 ) (cm�3 )

1 0. 594 0. 135 0. 145 0. 140 0. 135

2 0. 844 0. 551 0. 569 0. 560 0. 574

3 1. 340 0. 512 0. 512 0. 512 0. 544

4 2. 134 0. 849 0. 850 0. 850 0. 899

5 2. 213 0. 316 0. 350 0. 333 0. 316

5 2. 292 0. 554 0. 618 0. 586 0. 423

6 2. 486 0. 331 0. 386 0. 356 0. 303

7 2. 726 0. 090 0. 090 0. 090 0. 147
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Fi gur e 12 The �gure on the l ef t shows the l i near l east squares �t us i ng the

coe�ci ents shown i n Tabl e 1. The �gure on the r i ght shows the superpos i t i on of

W 0
0 and the l east squares �t .

Cal cul at i on of Loss Factors us i ng the Frequency Domai n method

In the f requency domai n, the l os s f actor i s s i mpl y gi ven by

2� km� =(R= Q )m�!� (9)

However , we must note that the di mens i on of [R ] =
= L2m. So to di s t i ngui sh thi s f romordi nary res i s tance,

we i ntroduce the notat i onR wi th di mens i on
 . For the prebuncher cavi ty whi ch i s made of copper , we wi l l

as sume that i t has a sur f ace res i s tance of 1: 725� 10�8 
 �m. Wi th thi s number , we can then cal cul ate the Q

of the cavi ty as wel l as the power l os s per cycl e U due to heat i ng of the cavi ty wal l s . We demonstrate thi s

bel ow.

Q i s r el at i vel y easy to cal cul ate f romi ts de�ni t i on

Q =!
energy stored i n cavi ty

power l os s per cycl e
(10)

To cal cul ate R , we have to cal cul ate R �rst f romU by us i ng the rel at i onshi p

U =
V 2

2R (11)
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Fi gur e 13 The �gures i n the l ef t col umn shows the l i near l east squares �t us -

i ng the coe�ci ents shown i n Tabl e 2. The �gures i n the r i ght col umn show the

superpos i t i on of W01 and W1 and the l east squares �t .

where

V =
L= 2

�L= 2

d s E(r =a; s ) (12)

i s the peak vol tage f or a standing wave Es =E (r ; s )ei !t; a i s some conveni ent o�- axi s r where we do the

i ntegrat i on. (Exampl e: f or di pol e mode m =1, i f we i ntegrate on axi s (12) wi l l be zero. Thus we have to
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Fi gur e 14 The �gures i n the l ef t col umn showthe l i near l east squares �t us i ng

onl y the coe�ci ents bel ow 3 GHz shown i n Tabl es 2. The �gures i n the r i ght

col umn showthe superpos i t i on of W01 andW1 and the l east squares �ts . Al though

resonances above 3 GHz were removed f romthe �t , the superpos i t i on of the data

and �t shows that l ong range e�ects are s t i l l r etai ned.
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i ntegrate o�- axi s . ) . Theref ore,

R=
V 2

2U
(13)

at r =a . Now, R i s cal cul ated f or a uni t r i ng of charge at r =a wi th no azi muthal dependence. NowR has

an azi muthal dependence of cosm� . Thus the rel at i onshi p between R and R i s

R =
R

a2mhcos2mm� i (14)

Thus f or m =0

R =R (15)

and f or m =1

R =2R (16)

PREDICTIONS

To demonstrate the use of the l ongi tudi nal l os s f actors that we have cal cul ated, we used Tabl e 1 to

generate the m =0 wake f unct i on f or a � =2 cmgauss i an beamcentred at � =10 cm. We then compared

thi s predi ct i on wi th the wake f unct i on cal cul ated by MAFIA T2. As can be seen f romFi gure 15, the

agreement between the two methods i s extremel y good f ar f romthe head of the beam. Short range agreement

i s , however , poor . Thi s i s not surpr i s i ng because we have truncated hi gher order resonances ( i . e. we have

negl ected short range e�ects ) i n the generat i on of Tabl e 1.

A s i mi l ar cal cul at i on was done f or m =1. Agai n the predi cted resul t and the MAFIAT2 cal cul at i on

di �ered near the head of the bunch, but agreed wel l i n the l ong range.

CONCLUSION

We have shown that the l os s f actors cal cul ated us i ng our t i me domai n method agrees wel l wi th that

obtai ned f romthe f requency domai n. By us i ng onl y the s i gni �cant l os s f actors cal cul ated f romthe l i near

l east squares �t , we can make predi ct i ons of wake potent i al s f or di �erent bunch l engths and f or l ong t i me

scal es that are l es s amenabl e f rommore tradi t i onal methods .
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APPENDIX A

The tabl es i n thi s Appendi x were cal cul ated us i ng the MAFIAEmodul e f or the prebuncher . We have

assumed that the prebuncher i s made of copper whi ch has a sur f ace conduct i vi ty of 5: 8� 107 mho� m�1 . For

resonances hi gher than 3 GHz, the Q val ues cal cul ated are unrel i abl e because these modes are no l onger

t rapped. To convert res i s tance i n MKS uni t s to cgs uni t s , 
 ! 1= 9� 10�11 cm�1 s .

Tabl e A. 1 m =0 Re s onanc e s i de nt i �e d by MAFIA E modul e

Fr e que nc y (GHz) Q R= Q (
 ) Fr e que nc y (GHz) Q R= Q (
 )

0. 220 19107 69. 177 3. 235 32388 14. 259

0. 634 25684 8. 203 3. 253 38677 4. 612

1. 083 27271 2. 522 3. 320 30648 4. 385

1. 158 32324 0. 103 3. 414 42615 0. 007

1. 229 25195 4. 988 3. 430 51380 0. 023

1. 571 27139 0. 685 3. 494 39782 0. 916

1. 729 38917 0. 780 3. 526 31617 12. 997

1. 920 32219 11. 724 3. 587 39525 1. 011

2. 049 32432 0. 611 3. 612 36585 7. 392

2. 171 36115 0. 390 3. 649 40005 0. 843

2. 267 35916 0. 414 3. 772 41440 7. 552

2. 378 43669 1. 631 3. 873 37138 2. 747

2. 446 31562 0. 284 4. 000 56320 0. 208

2. 583 37659 0. 893 4. 000 46969 1. 857

2. 764 37120 0. 097 4. 056 39605 1. 093

2. 878 56376 0. 133 4. 098 38947 0. 546

3. 057 40047 0. 075 4. 144 42204 0. 040

3. 122 40471 0. 118 4. 266 42781 6. 739

3. 190 41151 1. 722 4. 320 44978 0. 072

3. 203 30681 8. 442 4. 348 49383 1. 506
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Fi gur e 15 Thi s �gure shows the l ongi tudi nal wake f unct i on that i s generated f or

a gauss i an beamwi th � =2 cmcentred at � =10. We cal cul ated the wake f unc-

t i on us i ng Tabl e 1 and MAFIA T2. As can be seen the wake f unct i on gener -

ated by the two methods agree very wel l . The agreement near the head of the

bunch i s poor . Thi s i s not surpr i s i ng because we have truncated hi gher order res -

onances ( i . e. we have negl ected short range e�ects ) i n the generat i on of Tabl e 1.
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Fi gur e 16 Thi s �gure shows the l ongi tudi nal wake f unct i on W0 that i s gener -

ated f or a gauss i an beamwi th � =2 cmcentred at � =10. We cal cul ated the

wake f unct i on us i ng Tabl e 2 and MAFIAT2.
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Fi gur e 17 Thi s �gure shows the transverse wake f unct i onW that i s generated f or

a gauss i an beamwi th � =2 cmcentred at � =10. We cal cul ated the wake f unct i on

us i ng Tabl e 2 and MAFIAT2.
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Tabl e A. 2 m =1 Re s onanc e s i de nt i �e d by MAFI A E modul e

Fr e que nc y (GHz) Q R= Q (
 /m2) Fr e que nc y (GHz) Q R= Q (
 /m2)

0. 594 25531 3261. 4 2. 563 82616 90. 9

0. 844 25477 9747. 4 2. 636 27553 1142. 6

1. 151 29209 1487. 1 2. 726 29423 2199. 2

1. 198 34924 70. 7 2. 758 69214 32. 2

1. 291 44050 292. 2 2. 803 40154 1069. 5

1. 340 27985 5815. 1 2. 806 24715 407. 4

1. 604 34033 314. 6 2. 913 55328 759. 6

1. 630 43070 228. 1 3. 058 30732 114. 5

1. 760 44268 269. 0 3. 082 80884 45. 9

2. 051 41038 683. 8 3. 107 41449 230. 2

2. 074 47627 853. 0 3. 155 79692 5. 6

2. 134 39456 6032. 9 3. 188 42619 250. 1

2. 213 35508 2047. 1 3. 248 56993 18. 9

2. 249 52838 16. 2 3. 253 45416 133. 5

2. 292 22127 2646. 5 3. 281 34729 67. 3

2. 301 42682 788. 3 3. 383 63601 47. 3

2. 438 49857 583. 6 3. 387 44631 1429. 1

2. 443 42289 1254. 3 3. 436 41597 56. 8

2. 486 28728 1743. 3 3. 466 54838 370. 4

2. 531 22098 351. 2 3. 537 34425 131. 4
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