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In 2008, it has been proposed to convert the Cornell Electron Storage Ring (CESR)
into a test accelerator, called CesrTA, for the proposed International Linear Collider
(ILC) damping rings. One of the effects to be studied in CesrTA is fast ion instability.
An electron beam ionizes residual gas in the vacuum chamber, resulting in positive
ions being trapped in the beam’s potential. Fast ion instability is caused by electron-
ion Coulomb interactions in an electron bunch train when transverse deviations at
the head of the train disturb the tail. This is expected to be an issue for the ILC
electron damping ring. The purpose of this project is to develop simulations of fast
ion instability, which, in combination with CesrTA experiments, will determine how
severely fast ions will affect the ILC.

I. INTRODUCTION

An electron beam can ionize residual gas molecules in the beam vacuum chamber, pro-
ducing positive ions. These ions, the majority of which are CO+ and H+ [1], are attracted
to the electron beam by Coulomb interactions, become trapped in the beam’s potential, and
oscillate in the transverse direction. The ion oscillation period is significantly longer than
the time in between electron bunches and the ions’ motion is nonrelativistic. The bunches
are also “kicked” by the ions and experience a change in transverse momentum. Time gaps
between bunch train passes can clear the vacuum chamber of ions by allowing the ions to
drift to the chamber walls, where they are lost, though some ions last for several train passes.
The ion effects expected in CesrTA and the ILC electron damping ring will be from both
single and multiple train pass ions.

Residual gas molecules are ionized by direct collisions with beam electrons, so ions are
created at the bunch positions as the bunches travel. One way to initialize the instability
is to assume that an early bunch is transversely displaced from the ideal orbit, creating
a trail of displaced ions. Later bunches in the train, which may have different transverse
displacements, are attracted to these ions. Since the ions survive the length of the train,
the initial transverse perturbation is propagated to later bunches through the ions the early
bunch produces. The ions cause betatron oscillations in the later bunches, the amplitudes of

which increase along the train. Betatron amplitudes increase over time as exp
(√

t/τasym

)
,

where τasym is the rise time [2]. Because it can cause beam emittance blowup, the fast ion
instability is a potential problem for the ILC electron damping ring [1].

It is possible to see the characteristic effects of fast ion instability experimentally, such as
betatron tune shift and increasing betatron amplitudes, but the ions themselves can not be
observed. Simulations are used to study the impact of fast ion instability and for comparison
with experiments. There has been an analytical treatment of fast ion instability [2] and
simulations of fast ion instability have modeled beam fill patterns in the ILC damping rings
[1]. However, the subroutine library used to model electron and positron beams in CESR
lattices, called Bmad, does not include code to account for fast ion instability. The purpose
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of this project is to develop fast ion instability simulations that can be incorporated into
Bmad so that fast ion instability can be simulated in CesrTA.

II. INITIAL SIMULATION INVESTIGATION

The first set of conditions studied described an ion oscillating perpendicular to the axis
of a coasting (nonbunched) cylindrical electron beam of uniform charge density. It was as-
sumed that the ultrarelativistic (2 GeV) beam is unaffected by the ion, the ion begins from
rest at some vertical transverse displacement from the beam axis, and the ion’s motion is
nonrelativistic and has no longitudinal component. The choice to neglect the ion’s longitu-
dinal velocity is justified by the fact that the magnetic force on the ion is small compared
to the Coulomb force. Initial transverse velocity is negligible when ions are grouped into
macroparticles, canceling any initial velocity. The radial restoring force on the ion is
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where ρ is the beam charge density in the lab frame, I is the beam current, q is the ion
charge, ε0 is the permittivity of free space, R is the beam radius, c is the beam velocity, and
r is the ion’s distance from the beam axis. When the ion is within the beam, it behaves as
a simple harmonic oscillator with frequency

f =
1

2π

√
ρq

2ε0m
, (3)

where m is the ion mass. Beyond the beam radius, the frequency is dependent on displace-
ment. These equations were simulated by slicing the beam into thin transverse slices in
which the acceleration was assumed to be constant; for each beam slice, a new amplitude,
velocity, and acceleration were computed. A subroutine was written to measure the ion os-
cillation frequency by tracking the ion’s motion until it reached the beam axis (equilibrium
point) and then computing the frequency from the time required to complete a quarter cycle.
The ion was shown to oscillate at a constant frequency within the beam and with decreasing
frequency outside of the beam (Fig. 1). This spread in ion frequencies is expected to reduce
the effect of fast ion instability [3]. A mixture of CO+ and H+ will also produce a frequency
spread.

The next step was to bunch the beam. The restoring force was assumed to be zero in
between bunches since the beam is ultrarelativistic and the transverse fringe electric fields
are negligible (E ′

⊥ = γE⊥ and E ′
‖ = E‖, where the Lorentz factor γ ≈ 4, 000 for a 2 GeV

electron beam). For the same current in a bunched beam, the restoring force during a
bunch pass is enhanced since the charge must be concentrated in bunches. The restoring
force during a bunch pass becomes
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where l is the bunch length (head to tail) and s is the gap time in between bunches. These
equations were simulated in the same way. In the simulation, the ion starts from rest directly
above the head of a bunch and drifts at constant velocity in between bunches. The resulting
frequency distribution is similar to that of a solid beam (Fig. 1), but frequency increases with
gap time, especially at small starting amplitudes. Since the ion begins its motion directly
above a bunch, the total charge that passes the ion in the first quarter cycle is greater than
with a solid beam. The frequency deviation is most significant at small amplitudes where
there are few (< 10) bunch passes before the ion crosses the beam axis, and the deviation
disappears at sufficiently large amplitudes where there are enough bunch passes to yield a
nearly identical total charge. To test this explanation, the ion was initialized at the end
of a bunch pass, which resulted in smaller computed frequencies. The frequency deviations
indicate that the ion’s motion is no longer periodic.

FIG. 1: CO+ oscillation frequency at different starting amplitudes with I = 100 mA, R = 2 mm,
and 50 ns bunch spacing, for uniform solid and bunched beams. The sections of constant frequency
are where the ion is within the beam radius and undergoes simple harmonic motion. The bunched
beam frequency is greater due to the frequency computation method.

With a bunched beam, ions gain amplitude over time because an ion can cross its previous
maximum amplitude while drifting in between bunches. Ions migrate away from the beam
axis until they reach the vacuum chamber walls and are lost. CO+ and H+ are trapped at
nearly constant maximum amplitudes throughout the entire train length for typical bunch
spacings and currents (10 ns and 100 mA, respectively), but with bunch spacings approaching
the time in between train passes (0.1 - 1 µs), ejection occurrs within a few bunch passes.
At the interface of these regimes (stable oscillation and near-immediate ejection), the ion’s
motion is chaotic. The majority of the ion’s motion is at constant velocity in between
bunches, and during the bunch passes the ion receives a displacement-dependent kick. A
deviation in initial position (1 nm out of 1 mm) yields a slightly different change in velocity,
which is then magnified into a significantly larger deviation in position by the long drift time
and eventually results in a different oscillation path (Fig. 2).
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FIG. 2: CO+ oscillation in time with 1 mm starting amplitude, I = 100 mA, R = 2 mm, and 800
ns bunch spacing. The ion’s velocity is largest near the beam axis, so a relative velocity deviation
is maximized in absolute velocity and yields a different position, restoring kick, and path. The
ion’s motion is also clearly no longer periodic.

Next, vertical ion motion from bunches with a Gaussian charge distribution (in x, y, and
z) was investigated. The vertical kick an ion receives from a Gaussian transverse slice of
charge is computed by the Bassetti-Erskine formula [4] and at small amplitudes is [5]

∆v =
−2rpcN

σy(σx + σy)A
, (6)

where rp is the classical proton radius, N is the number of electrons, σx and σy are the
horizontal and vertical charge distribution standard deviations, and A is the ion mass (u).
By slicing each bunch into transverse slices, the Bmad beam-beam kick subroutine and
algorithm were used to simulate Gaussian solid and bunched beams [6]. The frequency for
a Gaussian beam with σx = σy was consistent with a uniform cylindrical beam for small
amplitudes (where the Gaussian distribution is nearly uniform) and for large amplitudes
(where both cases approach line charges) as seen in Fig. 3 and Table I.

Small Amplitudes Large amplitudes
(1 µm) (1 cm)

Uniform Beam Solid 272.598 kHz 95.833 kHz
Bunched (14 ns) 274.696 96.090

Gaussian Beam Solid 272.599 94.242
Bunched (14 ns) 274.686 94.501

TABLE I: Small and large amplitude CO+ frequency comparison. The small amplitude uniform
beam charge density was adjusted by half to match the Gaussian beam core density.
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FIG. 3: CO+ oscillation frequency at different starting amplitudes with N = 1010 electrons per
bunch, R = σr = 2 mm, and 14 ns bunch spacing. The uniform beam has a greater small amplitude
frequency by a factor of

√
2 because the density is twice that of the Gaussian beam near the axis.

III. EXTENDED SIMULATION DEVELOPMENT

The simulation was further generalized in several stages. Multiple transverse ion
macroparticle distributions at fixed longitudinal positions were implemented to simulate
originally Gaussian ion distributions (or ion “clouds”). In order to model ions being created
by a displaced bunch with betatron oscillations, the macroparticle distribution centroids
were initialized at the sinusoidal amplitudes of an imaginary leading bunch and σions = σy.
Each bunch passes an ion macroparticle distribution, is kicked by the oscillating ions, and
receives a new betatron amplitude and phase. When this has been done for all bunches
in the train, the bunches advance in time to the next ion macroparticle distribution and
the process continues. Betatron amplitudes and phases for each bunch are calculated by
summing the total change in ion momentum with the assumption that the ions are nearly
stationary during the bunch passes. Since the ion frequency is amplitude dependent, the
maximum ion centroid decreases along the train as the ions become focused.

A trial with 106 ions spaced every 10 ns for a center density of ∼1012 ions/m3 was
simulated [1], and betatron amplitude growth along the bunch train was demonstrated
(Fig. 4). The bunches were found to be oscillating at the ion frequency normal mode, as is
expected for coupled bunch-ion oscillations. Minimal differences in ion cloud centroid and
betatron amplitude were found between tests with 8 and 100 macroparticles per distribution,
meaning the simulation can be significantly accelerated by using few macroparticles with
small deviations in the outcome.

Ion ejection for amplitudes beyond 3 cm was included, and the train was circulated
multiple times and interacted repeatedly with the same ions. The ions were ejected slowly
at first as their amplitudes and velocities increased, but were more rapidly ejected after
several (5-10) train passes, depending on the train circulation time and other parameters.
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FIG. 4: Betatron amplitude growth with a 100 bunch train (1010 electrons per bunch, 14 ns
spacing), 100 ion macroparticle distributions (106 ions per distribution, 10 ns longitudinal spacing),
betatron frequency ωβ = 25.83 MHz, and initial ion cloud centroids ranging from −0.1 mm to 0.1
mm from the beam axis. The train’s normal mode corresponds to the 0.1 mm CO+ frequency of
∼1 MHz.

Rapid ion cloud buildup to an equilibrium level is expected, as described in Ref. [1]. CesrTA
will test the train spacing to be used in the ILC (10’s - 100’s of ns) [7], for which we can
expect a combination of single and multiple turn ions.

IV. CONCLUSIONS

A simulation was developed to model fast ion instability for CesrTA using Gaussian bunch
and ion charge distributions. The simulation models multiple transverse ion macroparticle
distributions at discreet longitudinal positions interacting vertically with a Gaussian bunched
electron beam over many turns. Betatron amplitudes and phases for the bunches are calcu-
lated from the total change in ion momentum during a bunch pass, and ion macroparticles
are removed if they cross certain amplitudes. Initial tests of the simulation were consistent
with analytical expectations, and an increase in betatron amplitude along the bunch train
was found.

Further generalization and conformation to Bmad standards is required before the sim-
ulation routines can be incorporated into the Bmad library and used to simulate fast ion
instability in CesrTA lattices. Additional factors must also be taken into account. Ion pro-
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duction from gas ionization must be incorporated to yield the betatron amplitude growth
associated with fast ion instability [8, 9]. The ideal implementation method will use linked
lists of ion macroparticle objects where the collection of macroparticle distributions will
be an array of linked list “head” nodes. Linked lists are more suited for the application
than arrays because arrays need to be allocated and deallocated as ions are created and
destroyed, while immediately referencing particular macroparticles is unnecessary. This is
because during a bunch pass, the program simply iterates through each macroparticle when
tracking its motion. As bunches pass a macroparticle distribution, more macroparticles will
be added to the linked list tail. When macroparticles are ejected, they will be removed from
the list and the associated memory will be recycled.

At sufficiently high ion densities, ion repulsion has a non-negligible effect on drift velocity
between train passes. Tracking the macroparticles’ motion during train gaps with this
inclusion would considerably increase the processing time since drift velocity is no longer
constant. The bunches must also be modeled as collections of macroparticles because the
electrons are kicked depending on their distances from the ions, changing the transverse
bunch cross section. This is also necessary for calculating emittance growth since the bunches
are currently rigid. Horizontal ion and betatron oscillations should be included to extend
the simulation to three dimensions. To make predictions for CesrTA, beam position monitor
Fourier transform spectra [10] and tune shift calculations are necessary. Finally, much of
the existing Bmad code for beam-beam interactions can be reused in combination with the
fast ion routines for easier implementation.
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